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A Triangular Arrangement of Planar-Array Elements that 
Reduces the Number Needed* 


EUGENE D. SHARPY{, MEMBER, IRE 


Summary—tIn this paper, it is shown that by arranging the ele- 
ments of a beam-scanning planar antenna array in a triangular pat- 
tern rather than a rectangular pattern, the number of elements 
needed in the array is reduced. (The number of elements needed in 
an array is determined from the requirement that no spurious beams 
form in the array pattern.) The reduction in the number of elements 
depends upon the solid angle over which the main beam is positioned. 
If the main beam is positioned within a constant angle about the ar- 
ray normal, then the number of elements can be reduced by 13.4 per 
cent by arranging the elements in a pattern of equilateral triangles 
rather than in a square pattern. If the main beam is positioned within 
a “pyramid,” centered about the array normal, then the reduction is 
usually less than 13.4 per cent. Graphs are included showing for both 
element arrangements the solid angle over which the main beam can 
be scanned without the formation of spurious beams. 


INTRODUCTION 


N the design of large-aperture, electronic-scanning, 
antenna arrays, the number of antenna elements, 
phase shifters, and associated components becomes 


* Received by the PGAP, February 22, 1960; revised manuscript 
received, July 29, 1960. The work reported in this paper was done at 
Stanford Res. Inst. on Contract AF (19(604)-2240 from the AF Cam- 
bridge Res. Center, Cambridge, Mass. 

+ Stanford Res. Inst., Menlo Park, Calif. 


extremely large. If the number of antenna elements can 


be reduced by spacing them farther apart, the number 
of phase shifters and associated components can also be 
reduced, resulting in a sizable decrease in the cost and 
complexity of a scanning array. 

In this paper, it is shown that if the main beam is posi- 
tioned throughout the interior of a cone whose axis is the 
array normal, the number of array elements can be re- 
duced by 13.4 per cent by arranging the elements in a 
pattern of equilateral triangles rather than squares. If 
the main beam is positioned throughout the interior of 
a “pyramid” whose axis is the array normal, the reduc- 
tion in the number of elements is less than 13.4 per cent. 


The reduction in the number of elements applies to ar- 


rays of uniformly-spaced elements. Arrays of nonuni- 
formly-spaced elements are not considered here. 

The spacing between elements is limited by the for- 
mation of spurious beams in the array pattern. To pre- 
vent spurious beams from forming, the element spacing 
must be less than a certain maximum. This maximum 
element spacing can be determined by examining the 
array pattern and finding the element spacing at which 
a spurious beam just begins to form. 
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When the array elements are arranged in a triangular 
pattern, we find that the maximum element spacing is 
larger than when the array elements are arranged in a 
rectangular pattern; and thus fewer elements are needed 
to complete an antenna aperture when the elements are 
arranged in a triangular pattern. 


LOCATION OF SPURIOUS BEAMS 


The array pattern for an array of isotropic radiators 
excited with equal amplitude and arranged in the 
rectangular pattern of Fig. 1 is 


Sr = ys ein (2 ]d)az (cos @—cos 60) 


n 
5 Ss elm (2% |X )ax (cos @ sin 6—cos ¢0 sin 60) (1) 


™m 


In this expression X is the free-space wavelength, and 
(Ao, do) defines the angle to which the main beam is 
scanned. A beam forms whenever all the terms of the 
array pattern add up in phase, or at the angle (0, ¢) de- 
fined by the two simultaneous equations: 


cos 09 + p(d/az) 
(p= 0) tr lpb2se & + 5 
cos @ sin 8 = cos go Sin ) + g(A/az) 
tee) cet eee Pe (2) 


l| 


cos 6 


When p=q= 0, the solution of (2) gives @=0) and 6=¢@o, 
which is the main-beam angular position. Spurious-beam 
angular positions (if they exist) are given by using other 


- combinations of p and q. 


An array of elements arranged in the triangular pat- 
tern is shown in Fig. 2. For purposes of calculation, this 
array pattern can be thought of as a sum of the patterns 
of two subarrays. The triangularly arranged array can 
be separated into the subarrays of circles and crosses 
shown in Fig. 2. The subarray of crosses is displaced 
from the subarray of circles by 6, and 6, along the x« and 
z coordinates, respectively. The element spacing for both 
subarrays is 2b, along the x coordinate and 20, along the 
z coordinate. The pattern of the subarray of circles is 
that of (1) with 26, and 26, replacing a, and a,, respec- 
tively. The pattern of the subarray of crosses is also that 
of (1), multiplied by a phase factor to take into account 
the displacement of the subarray of crosses from the sub- 
array of circles. Summing the two subarray patterns, we 
find that the array pattern of the triangularly arranged 
array of Fig. 2 phased to direct a beam in the (9, $0) 
direction, is 


Sr = [1 + ef (2 /X) bz (cos 6—cos 60) 


i ef (24d) be (cos @ sin 6—cos ¢0 sin 40) | 


| 22 ei2n (2 /d)bz (cos 8—cos 80) 


n 


¢ Ss ef2m (2m |X) be (cos ¢ sin 6—cos $0 sin | : (3) 
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Fig. 2—Array of elements arranged in a triangular pattern. 


Sr is very similar to Sr except for the additional factor 
multiplying the summations over ” and m and the multi- 
plier 2 appearing in the exponents. As with array pat- 
tern Spr, spurious beams may form in the array pattern 
Sr when all the terms in the second factor are in phase. 
This situation occurs at the angles (6, @) defined by the 
simultaneous equations 


cos 86 = cos) + p(A/28-) 
(p= 0, 1 yse 2, ‘i oh 
cos @ sin 8 = cos ¢o sin 0) + g(A/20z) 

(= Orso 2; “es 
(p + 4) even. (4) 
The first factor of S7 is equal to either 0 or 2, depend- 
ing on the value of p and q in (4). Thus, if (p+) is odd, 
it equals zero, and if (p+q) is even, it equals two. In 


this way a spurious beam forms in the array pattern Sr 
only when (p+q) is even and not when (p+4q) is odd. 
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The location of the spurious beams is independent of 
the array aperture size and shape. The array aperture 
may be of any reasonable shape such as rectangular, 
circular, elliptical, and (2) and (4) apply for the location 
of the spurious beams. 


Scan ANGLES 


The region over which the main beam can be posi- 
tioned without the formation of spurious beams can be 
determined for rectangular or triangular element ar- 
rangements using (2) and (4), respectively. As the main 
beam is positioned away from the array normal (8=0), 
an angle is reached at which a spurious beam just begins 
to form. This spurious beam always begins to form in the 
plane of the array. This plane is defined by the condi- 
tion that @=90°, or the equivalent conditions that 
¢=0° or 180°. Therefore, in order to find the region over 
which the main beam can be positioned for given ele- 
ment spacings, one sets cos @= +1 in (2) and (4) and 
solves for 0) vs $0 using appropriate values of p and gq. 


The solution 69 vs ¢o defines the boundary of the region 


over which the main beam can be positioned without the 
formation of spurious beams. If the center of the beam is 
positioned on the boundary of this region, a spurious 
beam forms completely in the plane of the array. To 
keep the spurious beam from forming, the peak of the 
main beam must be kept just inside the boundary by 
approximately one half the null beamwidth. As the size 
of the array increases, the beamwidth of the main beam 
decreases, allowing the main beam to be positioned 
closer to the boundary. In this paper the statement, to 
position the main beam within a region, implies that the 
peak of the main beam should come no closer to the 
boundary of the region than one half the null beam- 
width. 

If the elements are arranged in a square pattern with 
an element spacing of a,=a,=0.585 X, the region over 
which the main beam can be positioned is shown in Fig. 
3. If the elements are arranged in a pattern of equilat- 
eral triangles in which 2b,=0.676 \ and b,=0.585 X, the 
region over which the main beam can be positioned with- 
out the formation of spurious beams is shown in Fig, 4. 
For both Fig. 3 and Fig. 4, the main beam can be posi- 
tioned to an angle approaching 45° from the array nor- 
mal in any direction. However, when the elements are 
arranged in a square pattern, the main beam can be 
positioned throughout a larger solid angle than when 
the elements are arranged in a triangular pattern. 


REDUCTION IN THE NUMBER OF ANTENNA ELEMENTS 


If we calculate the number of elements needed to com- 
plete an antenna array of a given size when the elements 
are arranged first in a rectangular pattern, and then ina 
triangular pattern, we find that, in general, fewer ele- 
ments are needed when the elements are arranged in the 
triangular pattern. For a large array, the number of ele- 
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0 30 60 90 120 150 180 
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Fig. 3—Solid angle over which the main beam can be scanned for an 
array of elements arranged inasquare pattern with a,=az=0.585 X. 


6—degrees 


(e) 30 60 90 120 150 180 
$ — degrees 


Fig. 4—Solid angle over which the main beam can be scanned for an 
array of elements arranged in a pattern of equilateral triangles 
with 2b, =0.676 \ and 6, =0.585 \ (reduction in the number of ele- 
ments is 13.4 per cent). 


ments in the rectangularly arranged array of Fig. 1 is 
approximately 


A 


Az4; 


Nr= 


(5) 


where A is the area of the array aperture. For a large 
array, the number of elements in the triangularly ar- 
ranged array of Fig. 2 is approximately 


Nag ; (6) 
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The per cent reduction in the number of elements com- 
paring (6) to (5) is 
Ne—WN 


le ae X 100 per cent. 


Nr (7) 


A calculation of the number of elements required by the 
arrays of Fig. 3 and Fig. 4 shows that the triangularly 
arranged array contains 13.4 per cent fewer elements 
than the squarely arranged array. The main beam of 
both these arrays can be scanned within a cone defined 
by 8=45°. The result is that if the main beam is to be 
positioned within any cone defined by 6 =o, the number 
of elements can always be reduced 13.4 per cent by ar- 
ranging them in a pattern of equilateral triangles in- 
stead of squares. In this case, the altitude of the equi- 
lateral triangle in the triangularly arranged array is 


- equal to the element spacing of the squarely arranged 


array, or 6b,=a, and 2b,=a,/0.866. 
(Nr—Nr)/Nr=0.134. 

Another application may require that the main beam 
be positioned not within a cone, but within the region 
bounded by the four surfaces 6=90°+84, 0=90° + By. 
For this case, the number of elements can still be re- 
duced by arranging them in a triangular pattern instead 
of a rectangular pattern, but the reduction here is less 
than the previous 13.4 per cent. For instance, if Bs =, 
=45°, the element spacing for an array of elements ar- 
ranged in a square pattern need not be changed from 
that of Fig. 3; however, for an array of elements ar- 
ranged in a triangular pattern, the element spacing of 
Fig. 4 cannot be used because the main beam is to be 
positioned in regions in which a spurious beam forms. 
If 20, is decreased to 0.645 \, then the main beam can be 
positioned throughout the required region bounded by 
the four surfaces 9=45°, 135° and ¢=45°, 135° shown 
in Fig. 5. In comparing the number of elements required 
for the array of Fig. 5 to the number required for the 
array of Fig. 3, the per cent reduction in the number of 
elements is 9.2 per cent. The reduction in the number of 
elements when other values of 6, and By, keeping By =By, 
are chosen, is shown in Fig. 6. The reduction in the 
number of elements is a maximum when the main beam 
is not scanned at all and when the main beam is scanned 
throughout a hemisphere. A minimum occurs when 
Beste 20°. 

Similar calculations can be made when other values 
of Bs and 6, are chosen such that 6)#G,. For instance, 
when §y=45° and 83 =25°, the number of elements can 
be reduced by 7.7 per cent by arranging the elements in 
a triangular pattern instead of a rectangular pattern. 

The reduction in the number of elements resulting 
from the use of the triangular array depends upon the 
region through which the main beam is positioned. If 
the main beam is positioned within the interior of a 


Therefore, 
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20) i 


(e) 30 60 90 120 150 180 
p— degrees 


Fig. 5—Solid angle over which the main beam can be scanned for an 
array of elements arranged in a triangular pattern with 2, 
=0.645A and 6,=0.585) (reduction in the number of elements is 
9.2 per cent). 


REDUCTION IN NUMBER OF ELEMENTS-% 
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Fig. 6—Reduction in the number of elements resulting from the ar- 
rangement of elements in a triangular pattern, instead of a square 
pattern when the main beam is to be scanned within a region 
bounded by the four surfaces §=90° +89 and ¢=90°+8g. 


cone whose axis is the array normal, the number of array 
elements can be reduced by 13.4 per cent by arranging 
them in a pattern of equilateral triangles instead of 
squares. If the main beam is positioned throughout the 
interior of a “square pyramid” whose axis is the array 
normal, the reduction in the number of elements may 
vary from 13.4 per cent to 5.7 per cent, depending upon 
the maximum main-beam angular position from the 
array normal. The possible reduction in the number of 
phase shifters and associated components in the phas- 
ing network feeding the array elements would be similar 
to the reduction in the number of elements. 
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A Study of the Coma-Corrected Zoned Mirror _ 
by Diffraction Theory* 


S. DASGUPTA anv Y. T. LOt 


Summary—A two dimensional coma-corrected zoned mirror has 
been investigated by a rigorous integral equation formulation, for 
whose solution a procedure of successive approximation can be es- 
tablished. For computational convenience, the exact first order solu- 
tion is again approximated. The error committed in this approxima- 
tion is investigated. The higher order solutions due to couplings be- 
tween zones are not significant so far as the image field is concerned. 

In the example studied, it is found that for a system with small 
F-number and an illumination of small taper the coma aberration of 
this zoned mirror is practically eliminated for scan angles up to 25°, in 
sharp contrast to a smooth parabola whose scanning characteristics 
are also presented for comparison. However, the chromatic aberra- 
tion overshadows this advantage for a wide-band application; the 
total bandwidth of this example is only a few per cent. 


Il. INTRODUCTION 


OR wide angle scanning, the aperture of a micro- 
Pivave reflector is always limited by the progressive 

deterioration of the image as the aperture of the 
system is increased. The correction of aberrations by 
placing the surface of one curvature on the surface of 
another has been suggested by various workers. In 
- particular, the zoned mirror!‘ recently has received 
much attention, probably because of the development 
of large aperture antenna systems for radio astronomy 
research. 

A zoned mirror consists of sections of a set of confocal 
paraboloids with focus at c and axis vc defined by r=2 
(f—nd/2)/[1+cos YW], »=0, 1, 2---, where f is the 
focal length of the paraboloid with largest focal length 
(Fig. 1). This family of paraboloids will intersect the 
spherical surface 2 with c as center and f as radius at 
circles represented by Pi, Ps, etc. If a set of planes per- 
pendicular to the axis vc is drawn through the vertices of 
paraboloids, Ni, Ne, ---, they will cut the spherical 
surface in another set of circles represented by Qi, Qo; 


* Received by the PGAP, March 8, 1960; revised manuscript re- 
ceived by July 14, 1960. This work was supported by Wright Air De- 
velopment Center under contract No. AF 33(616)3220 and No. AF 
33(616)-6079. 

+ Government College of Engineering and Technology, Raipur, 
M.P., India. Formerly Antenna Lab., Dept. of Elec. Engrg., Uni- 
versity of Illinois, Urbana, III. 

t Antenna Laboratory, Dept. of Elect. Engrg., University of 
Illinois, Urbana, III. 

D. W. Fry and F. K. Goward, “Aerials for cm Wavelength,” 
Cambridge University Press, Cambridge, England; 1950. 

2 J. F. Ramsay and J. A. C. Jackson, “Wide angle scanning per- 
formance of mirror aerials,” Marconi Review, vol. 19, No. 122, pp. 
119-140; 1956. 

3 J. H. Provencher, “Experimental Study of a Diffraction Reflec- 
tor,” Air Force Cambridge Research Center, Cambridge, Mass.; 
April, 1959. 

4A. L. Ronchi and G. Toraldo di Francia, “An application of 
parageometrical optics to the design of a microwave mirror,” IRE 
TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-6, pp. 129-133; 
January, 1958. 


Fig. 1—Construction and geometry of zoned mirror. 


by passing through this set of circles, a family of cyl- 
inders coaxial with vc can be drawn. Then the parab- 
oloidal surfaces cut out by these cylinders form a zoned 
mirror as shown by the solid line in Fig. 1. 

Ramsay and Jackson? compared the measured gains, 
sidelobe levels and beamwidths of the radiation pattern 
of a zoned mirror with those of a spherical mirror with 
a feed offset of 15°. They found that the zoned mirror is 
not much better than the spherical mirror. However, it 
should be pointed out that they worked with a case 
where the advantages of a zoned mirror are greatly sup- 
pressed since their mirror had a large F-number with a 
15 db-tapered illumination, and the zones were not ex- 
actly on the coma-circle as shown above. 

Provencher,* on the other hand, investigated a zoned 
mirror with a smaller F-number and also with the zones 
properly located. He has demonstrated the vast superi- 
ority of a zoned mirror over a smooth parabola or a 
spherical mirror in scanning performance. 
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Toraldo di Francia et al.,4 have shown by parageo- 
metrical optics that coma aberration is greatly re- 
duced in a zoned mirror. They have obtained expressions 


_ for the fifth order coma and astigmatism for this type of 


mirror (the third order coma is absent as a result of the 


satisfaction of the sine condition). Very recently they 


also reported® that their experimental results are in good 
agreement with the theoretical predictions of the best 
focal surface for scanning purposes. 

Aberrations of a system are generally studied by ge- 


ometrical optics or by obtaining the diffraction pattern 
_ at the image space with a known aberration function at 
_ the aperture.® For a practical system it is in general ex- 
_ tremely difficult to determine the aberration function 
_ except by experiment. On the other hand, geometrical 
_ optics provides only an asymptotic solution which be- 
comes powerless to describe the deterioration of a dif- 
_ fraction pattern in the microwave region. This is par- 


ticularly true for the region of nulls and minor lobes 


_where, because of increased sensitivity to aberration, 
_ even physical optics begin to show errors. For a system 


like the zoned mirror, which has a large number of dis- 


E continuities in structure, even the physical optics 
_ method seems to need further justification. It is reason- 
_ able to assume that the diffraction due to the edges and 


the coupling between zones could be important particu- 


' larly in the regions of nulls and minor lobes upon which 
_ the coma aberration has a dominant effect. 


The purpose of this investigation is, therefore: 
1) to analyze the performance of the zoned mirror as 


a wide angle scanning antenna by employing a more 
-rigorous boundary value problem approach, and 


2) to provide a comparative study of: various ap- 


_ proximations in the analysis. 


For mathematical convenience, a two-dimensional 


- zoned mirror is studied where each zone except the first 


is approximated by a flat strip. In fact, this system is of 


‘more interest, since, being free from astigmatism, it en- 


_ ables one to evaluate its ability in coma correction ex- 


; 
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clusively. 


II. FoRMULATION 


Let a two-dimensional zoned mirror consist of » per- 


- fectly conducting plane strips infinite extent in the z- 


direction, and let an incident plane electromagnetic 
wave with its electric field Eine be polarized parallel to 
the edges of the strips. Then the current Jy, J2, +++, Zn 
induced on the zones 1, 2, -- -, ” respectively satisfy 
the following equation 


aa Fines’) = > Gd; (1) 


i=1 


5G. Toraldo di Francia, et al., “Experimental test of a stepped 
zoned mirror for microwaves,” IRE TRANS. ON ANTENNAS AND 
PROPAGATION, vol. AP-7, pp. 125-133; December, 1959. . : 

6 B. R. Nijboer, “Diffraction Theory of Aberrations, Ph.D. Dis- 
sertation, Univ. of Groningen, N etherlands; 1942. 
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where 
4 k 
G = —-— H,(k| s|), 
Awe 
k = 2r/X, 
jav=i, 
Gil; = convolution integral over strip z 
2 
= — Ti(s) Ho (k| 5 s’| )ds; 
4we strip 7 y 


s’ is a point on any of the ” strips. 
Eq. (1) represents a set of m simultaneous integral 
equations for 2 unknown functions J;(s). Let” 


lees CRS OL wee 
j=1 
jAt 


(2) 


where J;; is the current induced on strip 7 due to Eine in 
the absence of other strips, and J;; is the current on strip 
1 due to the field of J; of the strip 7. Then by definition 


@, Lees Beals )s s’ on strip 7. (3) 
It follows that 
|Get Git UGh|=0 4) 


k=1 
kAI 


j=l 
jet 


Since s’ is on strip 7, G| in the first integral of (4) is 
much greater than that in second and third, and further 
I;;>>I,x. Thus an iterative procedure can be established 
by solving 


j=l 


ys es 4 + Gr a ='0; s’ on strip i, (5) 
jAt 


where /;;‘”, the first order solution of J;;, represents the 
current induced in strip 7 due to J,;. In effect, (5) repre- 
sents an independent linear integral equation for each 
strip. Hence, the set of ~ simultaneous integral equa- 
tions denoted by (1) has been reduced to independent 
equations for each order of solutions. Since (5) is linear, 
it follows that 


Gi Ty + G5 Ly = 0, (6) 
Eq. (6) can be solved if Z;; is known. Indeed, it repre- 
sents the integral equation of the current distribution 
on a strip 7 due to a known source distribution J;; on 
strip j. Further, by definition J;; is the current induced 
on strip j due to an incident plane wave as given by (3). 
Thus the problem is reduced to the solution of (3) and 
thereafter to that of (6). In fact, (3) is a special case of 


forall Az. 


7 It is clear that the summation indices j and & in (2) and (4) 


etc. should not be confused with the imaginary number j =1/ —1 and 
the phase shift constant k =27/), : 
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(6). The rigorous solutions for both equations lead to a 
series solution involving Mathieu functions with the 
width of the strips (among other factors) as the argu- 
ment.’ However, this solution loses its importance for 
practical purposes due to slow convergence when the 
width of the strip is large, as in the present case, where 
large aperture is of main interest. It can also be shown 
that even the asymptotic expansion of the Mathieu 
functions for such arguments leads to solutions, the 
accuracy of which is not the same at all points on the 
strip, and at certain points the accuracy is very low. An 
‘approximate solution with reasonable accuracy is there- 
fore to be obtained. 


III. APPROXIMATE SOLUTION 


There are numerous works? on approximate solutions 
to (3) and (6), most of which have justified their theory 
by showing the small numerical difference between the 
approximate and exact solutions for a certain set of 
parameters, for which the latter is available. The first 
order term in their solutions is, in fact, the same as that 
obtained by Schwarzchild (namely, the half plane solu- 
tions for each edge, which is sufficiently accurate for 
strips of the order of a wavelength wide or more). Thus, 
the current distribution J;; across a strip AB of Fig. 2 


A I (s) B 
-20 Ip (S) 
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Fig. 2—Approximation of a strip by two half- 
planes and an infinite plane. 


can, for the present purpose, be approximated in the 
following way: 


I es  asoaeaiats son AB, 


0, s outside of the strip AB, 


8S. Dasgupta and Y. T. Lo, “A Study of the Coma-Corrected 
Zoned Mirror by Diffraction Theory,” Antenna Lab., Univ. of IIL, 
Urbana, Ill., Tech. Rept. No. 40; July, 1959. 

9K. Schwarzchild, “Die bungung und polarisation des lichtsdurch 
einen spalt,” Math. Ann., vol. 55, pp. 177; 1902. 

S. Skavlem, “On the differention of scaler plane waves by a slit 
of infinite length,” Arch. Math. Maturvid. vol. 51, p. 161; 1951. 

S. N. Karp and A. Russek, “Diffraction by a wide slit,” J. A ppl. 
Phys., vol. 27, No. 8, p. 186; August, 1956. : 

R. F. Millar, “Diffraction by a wide slit and complementary 
strip,” Ph.D. Dissertation, Cambridge University, Cambridge, Eng- 
land, 1957. 

P. M. Morse and P. J. Rubenstein, “Diffraction of waves by 
ribbons and slots,” Phys. Rev., vol. 54, p. 895; December, 1938. 

E. B. Moullin and P. M. Phillips, “On the current induced in a 
conducting ribbon by the incidence of a plane electromagnetic wave,” 
Prog Lee volno9 Pt. LV. No. 3) prds7e 1952: 

E. B. Moullin, “On the current induced in a conducting ribbon by a 
Bee Eenen parallel to it,” Proc. TEE, Monograph No. 71 R, 
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where J, and J, are the current distributions across a 
halfplane extending from A to ~, and from B to — © — 
respectively, and J¢ is the current across an infinite 
plane. I4, Ig and Ic are known exactly in terms of | 
Fresnel integrals and simple functions. Thus, J;; can 
be computed without resorting to complicated Mathieu 

functions as follows. Let 


Pine = eikr cos (a!—a) 


be the incident electric field polarized parallel to z-axis 
where r, @ are the coordinates of the point of observa- 
tion and a’ is the direction of the incident wave, all 
measured from the half-plane ax with edge A as origin 
as shown in Fig. 3. Then by Sommerfeld’s half-plane 


Fig. 3—A plane wave incident on a half-plane. 


solution,!° 


Zz 
So =| sina’{(Ca + S4) cos (kr cos a’) 


n 

— (C4 — Sa) sin (kr cos a’)} 

_ sin a’ /2 ( k ink )| 
—— == (COS Kas Ly 
/wkr ; 


0; 
+ a sin a’ | (C4 + Sa) sin (kr cos a’) 
U] 


+ (Ca — S4) cos (kr cos a’)} 
sin a’/2 


Vrkr, 


(cos kr + sin bn | (7) 


Ca jSa= fo emai, 
0 


kr 2h iy 
24/ cosa’/2 and> »= Vu/e. 
T 


Iz can be obtained by putting (t—a@’) for a’ and r’ 
for r in (7) if (r’, r—a) is the observation point referred 
to origin B. Ig is given by Ig =(2/n) sin @ et*r-c08 @”, 

For the solution of (6), let the Green’s function, 
namely the current in strip 7 due to a unit line source at 
(ro, 80) be K,;; then based on the same procedure, Kj; 
can be approximated by K4+Kg—Ke where Kyu, Kz 
and Kg are currents in the half-planes A, B and infinite 


© B. B. Baker and E. T. Copson, “The-Mathematical Theory of 
Huygens Principle,” Clarendon Press, Oxford, England; 1950. 
A, Sommerfeld, “Optics,” Academic Press, New York, N. Y.; 1954. 
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_ plane C respectively as shown in Fig. 2. Since the field 


at any point P(r, @) due to a unit filament S in presence 
of a half plane as in Fig. 4 is given by!! 


Jap cares f 
i .(P) = mek e7tkR cosh Edé es, f e7tkR1 cosh ta} (8) 
T Ze = 


Fig. 4—A line source above a half-plane. 


- where 


2V/rro 80— 4% ‘ 2Vrrn SO + 
cos - sinh &; = cos : 
R 2 Ry 2 
R = Vr? + ro? — 2rro cos (0 — 60), 


sinh £) = 


» and 


Ri = Vr? + 10? — 2rro cos (6 + 60). 


=|4/2 ee. sin is en tk(r+r0) 
T r R? Ds 


jkro (2Vrro/R) cos 00/2 
+2 nm f 
2R 


e€ (—2Vrro/R) cos 69/2 


canis | 2 (9) 


Similarly Kz can be obtained by replacing 7, ro, 8, 0, by 
_r',7ro', 0’ and 00’ respectively. Furthermore 
iRr 
Fe ain On OUR? (10) 
Wa SM is 
> Since (6) is linear in J;; and 1;;, 
Ti3(s) = 4p Ki;(s’, s)1;;(s’) ds’, son strip 7. 
strip j 


IV. INVESTIGATION-OF THE ERROR DUE TO 
APPROXIMATION OF THE CURRENT 
DISTRIBUTION 


To determine precisely the error committed in the 
~ approximation to the solutions of (3) and (6) obviously 
requires a knowledge of the exact solutions to these 
- equations; but these exact solutions have purposely not 
been sought owing to the difficulty of computation as 
discussed previously. However, the tangential field due 
to the exact current is known; therefore, it is possible 


‘1 This form of solution is preferred to the series solution in Bessel 
functions so far as Computation is concerned. 
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to determine the degree of approximation by evalu- 
ating the closeness of the boundary condition satisfied. 

Let the exact current distribution at any point « on 
the strip AB be I,(«), here the origin x=0 being the 
center of the strip; then, since the total tangential E- 
field at any point x on the strip of width 2h is zero, we 
have the integral equation for I, given by 


GeI,= = Ling( es aru Ea newer ie (11) 
where 
— p? 
C= Hy®(k| x|), 
(2 
Lt) Oat | a | Si, and 
k2 ee} 
Gel, == oat I (2) Ho | x— x! | \dx’. 
4WeJ —« 


The approximate current distribution I(x) will, in gen- 
eral, satisfy a slightly different equation given by 


Gx [Z|] = — Ey-(x) + AE(x), —h<x<h, (12) 
where 
[7(«)] = I(x) {U(@ + h) — U@— Wf, 
Ulay= 1, 2 0; 
=0, «<0; 
hence 
G*(I,— [I]) = — AE(x), —h<«x<h. (13) 


Thus, AF indicates the error committed in the boundary 
condition by taking the approximate current distribu- 
tion I(x) for the problem of the strip. 

Now I(x) =IJa(x)+J2(x)—Ic(x) for —h<x<h and 
they satisfy the following equations 


G* Ig = — Eine, Ore SK, 
Gel, = — Eino, i Oh, 
GxlIe Seales JB te —- a < x < oO, (14) 


By breaking the range of the above integrations into 
—« to —h, —h toh, andh to using (11) and (12), 
one obtains 


AE(«x) = G* { (Ip — Ic) U(—«' — h) 


+ (4 —Ic)U(x' —h)}, -—heudsh, 


(15) 


where J4, Jp and Jc are known. This method of deter- 
mining error is different from others in that it is not re- 
stricted by the width of the strip. 

For the observation point near the center of the strip 
or at the edges, the integral can be evaluated asymp- 
totically in 2/4. For other points, an upper bound can be 
found. The results, reported elsewhere,*® indicate that 
the asymptotic series for AF is of an order at least 


(kh). 


134 


Fig. 5 shows |AZ| as expressed in | AE/Eine| x 100 
for various width /=2h, and normal incidence. It is seen 
that even for a strip of \/2 wide, the error is less than 1 
per cent. Fig. 6 shows |AE| for /=) but with incident 
angle=0, 15°, 25°, 45°. On the average |AE| increases 
with a, but it is always less than 1.7 per cent. For all 
the strips used in the zoned mirror in the present investi- 
gation, the average |AE| is less than 0.5 per cent for 
a=0, and less than about 2 per cent for the highest 
oblique incidence. It is therefore clear that the approxi- 
mate current distributions provided a rather high 
accuracy solution. 


V. NUMERICAL COMPUTATIONS 


For the purpose of computation the dimensions 
chosen are: 

a)wii==f 20.550, sb) > f7—10, ‘c) total. number of 
zones=11, where f is the focal length and D is the 
diameter of the aperture. 


Fig. 5—Error |AE| in per cent of incident field vs point of 
observation on the strip with incident angle a=0. 
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Fig. 6—Error |AE| in per cent of incident field vs point of observa- 
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The first zone is a smooth parabola of finite dimen-— 
sion, the rigorous solution of which is unknown. How- 
ever, if the parabolic zone is replaced by a flat strip of © 


the same aperture, it is possible to compute Ju, 4; and 
fields due to Jy, and I4,+J4;. It is found that not only is 
Ih; very small compared to Ju, but the fields due to Ju 
and I+; are practically the same. If it may be con- 


March . 


jectured that the order of magnitude of both J and Si; | 


of the first zone remains the same whether it is made of 
a flat strip or a smooth parabola, then it-can be con- 
cluded that J+; and Jy: produce almost the same 
field for a smooth parabola also. However, Ju, the cur- 
rent induced on a finite smooth parabola due to an inci- 
dent plane wave is still unknown; but it is generally 
known that the physical optics solution for a finite 
parabola agrees closely with experimental results. 
Further, according to the computation® the physical 
optics solution for the corresponding flat strip does not 
differ significantly from that including the edge effect, 
since the first strip is quite wide in terms of wavelengths 
(6.245 \ in the present case). Therefore, it seems rea- 
sonable to use the physical optics solution for the 
smooth parabola representing the central zone. In 


other words, the significant contribution of the first — 


strip is that due to the geometrical optics current, re- 
gardless of whether the first zone is a flat strip or a por- 
tion of a smooth parabola. However, this does not imply 
that the contribution due to the flat strip is the same as 
that due to an equivalent smooth parabola. This be- 
comes clear if one observes that in the present case the 
optical path difference at the edge between the two is of 
the order of \/4. The difference in over-all contribution 
is indicated in Fig. 7 for normal incidence. In-fact, it 


shows that in actual construction the first zone should . 


not be approximated by a flat strip. 
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SMOOTH PARABOLA—O— 
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tion on a strip of one wavelength in width for various incident 
angles. 


Fig. 7—Comparison of field intensity in the focal plane due to the 
first zone of different constructions, with normal incidence. 
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Fig. 8—Self-induced and mutual-induced current 
distributions of strip no. 1. 


A) Current Distribution: The surface current density 
I;; and I;; have been obtained. For most strips the first 


- order induced current due to coupling between adjacent 
pestrips, (1;)¢-1-+-1;,s41), is about 10 to 15 per cent of I;; 


in the average. It may be conjectured that the second 


_ order solution is probably in the order of 1 or 2 per cent 


of J;;. Only the currents for strip 1 (assumed flat) and 
2 with a=0° and 15° are shown in Figs. 8 and 9. More 
complete information is given in the referenced report.® 

B) Image Patterns: The image pattern of the zoned 
mirror has been studied with the following current dis- 
tributions on the strips due to a plane wave at various 
incident angles: 

1) The geometrical optics current distribution, 2.e., 
the truncated distribution Jc for an infinite plane. In 
this case the effects of both the edges and coupling be- 
tween strips are neglected. 

2) A current distribution which takes into account 
the edge effect but ignores couplings between strips, 
i.e., the zero order solution of the integral equation 
given by (4). 

3) A current distribution which considers both the 
edge effect and the first order coupling between adja- 
cent strips as given by (6). 

All computations are done by ILLIAC, the electronic 


high speed computer at the University of Illinois. The 


time required for computing an image pattern with one 


~ angle of incidence for three different current approxima- 


tions is about 14, 16 and 60 minutes for 1), 2) and 3) 
respectively. 
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_ Fig. 9—Self-induced and mutual-induced current 
distributions of strip no. 2. 


For comparative study, the image pattern of an 
equivalent smooth parabola, 7.e., a smooth parabola 
with the same focal length and aperture as the zoned 
mirror, is also computed. These patterns are all shown 
in Figs. 10-15. 

With normal incidence, the maximum intensities due 
to a smooth parabola and case 1 of the above, are almost 
identical, while cases 2 and 3, which yield almost identi- 
cal patterns, have a maximum about four per cent less 
than that of a smooth parabola. Thus, the edge effect 
reduces the gain slightly. The value of the secondary 
maxima is the largest for the smooth parabola, while 
for the zoned mirror in all three cases they are the same, 
having a value approximately 60 per cent of that of the 
smooth parabola. 

As the angle of incidence is changed from normal, the 
maximum intensity falls off rapidly for the smooth 
parabola. Case 1 also shows a drop, while for cases 2 
and 3 the drop is very small until the angle of incidence 
exceeds 15°. The locations of the primary and secondary 
maxima for all three cases of the zoned mirror remain 
the same while those of the smooth parabola change 
considerably. The sharpness of the field intensity dis- 
tribution curves (z.e., the focusing capability) for the 
smooth parabola drops off considerably. 

The ratio of the magnitude of the two secondary 
maxima for the three cases of the zoned mirror remain 
constant and equal to unity up to an incident angle of 
about 20°, while it changes rapidly from 1 to 4.25 for a 
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Fig. 10—Image patterns in the focal plane for normal incidence, a=0. 


Fig. 


Ez ( RELATIVE FIELD INTENSITY ) 


Ez (RELATIVE INTENSITY) 


E,(RELATIVE INTENSITY) 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


WITH DIFFRACTION DUE TO 


EDGES BUT NO COUPLING 


WITH DIFFRACTION DUE TO 
EDGES AND COUPLING 


~~ -- WITH GEO. OPT CURRENT 
DISTRIBUTION 


eo EQUIV. SMOOTH PARABOLA 


i 


NO COUPLING © ——o— 
GEO OPT CURRENT — -4-— 
SMOOTH PARABOLA —*— 


l2 14 16 


NO .COUPLING Os 


GEO OPT CURRENT -—-2— 
SMOOTH PARABOLA —*— 


a6 (28 36) 32 


Fig. 12—Image patterns in the focal plane for a=10°. 
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Fig. 13—Image patterns in the focal plane for a=15°. 
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Fig. 14—Image patterns in the focal plane for a=20°. 
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Fig. 15—Image patterns in the focal plane for a=25°, 
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smooth parabola as the angle of incidence is changed 
from 0° to 15° (see Fig. 21). 
The absolute value of the secondary maximum for 


_ the zoned mirror shows a slight increase as the angle of 


incidence is changed from normal and also the secondary 
maxima for Case 1 deviate more and more from those of 


_ Cases 2 and 3 as the angle of incidence is increased; with 
_ an incident angle of 20°, the two secondary maxima for 
_ Case 1 give a ratio of 1.2 as against 1.01 for Case 2. 


The fact that the intensity distributions of the elec- 
tric field for Cases 2 and 3 are very nearly the same, 


_ indicates that the contribution of the coupled current to 
_ the total field is negligible. These results indicate that 


the coupling effect between strips can be ignored with- 


- out sacrificing much accuracy. It is significant because 


the coupling effect, which is the result of the first order 
iteration, is the most time consuming step in the com- 
putation as indicated in the beginning of this section. 

Though there is some difference in the results between 
Case 1 and Case 2, particularly for oblique incidence, the 
physical optics solution, as given by Case 1, yields a 
reasonably good approximation, even with 22 discon- 
tinuities due to the edges in the present system, and the 
simplification in computation is quite considerable. 

It is interesting to note that the two secondary max- 
ima on either side of the principal are more symmetrical 
for Cases 2 and 3 than for Case 1, indicating that the 


effect of the edges seems to reduce the “coma” some- 


what. 
C) Scanning Performance: The curves in Figs. 16-20, 


_ which are derived with the aid of the reciprocity the- 
- orem from the intensity distribution curves discussed 


before, show the important and interesting properties of 
the zoned mirror as an antenna in comparison witha 


smooth parabola with an isotropic feed. It is clear from 


Fig. 16, that for a zoned mirror the deflection of the 
beam of the radiation pattern from the axis is propor- 


~ tional to the displacement of the feed. For the same scan 


angle, a larger displacement of the feed is required for a 
smooth parabola than for a zoned mirror and the dif- 
ference in displacement increases as the scan angle is in- 


creased. Fig. 17(a) shows the maximum field intensity 
‘on the focal plane for various angles of incidence while 


Fig. 17(b) shows the variation of the relative gain 
against the scan angle. The gain of the zoned mirror is 
substantially constant over a 20° scan. For a 15° scan 
angle, the loss in gain is only 0.27 db, while for a pa- 
rabola it is 1.36 db. 

Fig. 18 shows approximately the change in half-power 
beamwidth” for 0° to 15° scan angle to be roughly 30 


per cent for the smooth parabola against 5 per cent for 


the zoned mirror. Fig. 19 is a plot of the magnitude of 
the first two secondary maxima of the image pattern 


against their positions in the focal plane. This provides 


the information of the minor lobe level of the radiation 
pattern, as shown in Fig. 20, against the scan angle. It 


may be noted that the minor lobe level is smaller for the 
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smooth parabola than that of the zoned mirror for the 
on-focus feed case, the figures being about —15.8 db 
and —14.6 db respectively. This is expected since the 
zoned mirror, having reflecting strips at a constant dis- 
tance from the focus, is uniformly illuminated while the 
smooth parabola is not. The minor lobe level of the radi- 
ation pattern goes up rapidly as the off-setting of the 
feed is increased for the smooth parabola whereas it in- 
creases very slowly for the zoned mirror. 

A more interesting result, so far as the coma correc- 
tion is concerned, is shown in Fig. 21. It is seen that the 
ratio of the two first secondary maxima of the image pat- 
tern (a function of coma aberration only in the present 
system) is substantially constant for a zoned mirror in 
contrast with that for a smooth parabola. It clearly indi- 
cates that the zoned mirror considered here is very effec- 
tive in the reduction of coma aberration. 

D) Chromatic Aberration Study: It is to be expected 
that such a system would be very frequency sensitive. 
The image patterns for frequencies 6.25 per cent and 
11.25 per cent higher than the designed value fp are com- 
puted. A typical pattern for a=15° is shown in Fig. 22 
against that for the smooth parabola at 1.0625fo. It is 
seen that for a deviation of about 6 per cent from the 
design frequency the secondary maxima of the zoned 
mirror become so strong that they are merged with the 
main beam. For a frequency 11.25 per cent higher, the 
maximum intensity drops further so that there is prac- 
tically no distinction between the main and secondary 
beams. This is also true for other angles of incidence. 
This result indicates that the chromatic aberration is so 
overwhelming that there is no necessity to evaluate the 
coma. The drop in maximum field intensity and gain at 
1.0625f), may be obtained from Fig. 17. On the other 
hand, by comparison the smooth parabola is a wide- 


12 The image pattern is calculated with an incident plane wave of 
unity intensity at a certain incident angle a. By the theorem of rec- 
iprocity, a feed of unity intensity at a position y will produce in the 
direction of angle @ a radiation field equal to the intensity of the 
image pattern at y. Thus, with a set of image patterns for various in- 
cident angles, the radiation patterns for various feed positions can be 
found. Since the image patterns of the zoned mirror remains almost 
unchanged in a moderate range of scan angle, these two patterns 
(radiation and image) become approximately the same with their 
abscissas related by y=ca where the constant ¢ is given by the slope 
of the curve in Fig. 16. Therefore, the beamwidth of one pattern 
can be approximately obtained from the other through this relation. 
As expected, this approximation becomes worse for very large scan 
angle and also becomes less accurate for the smooth parabola. 

13 As the incident angle of the plane wave changes continuously, 
the field intensity at a fixed observation point in the image plane will 
undergo a series of maxima which correspond to the peaks of the 
major and minor lobes of the radiation pattern. Thus, by using Fig. 
19 the minor lobe level of the radiation pattern for various scan angles 
can be obtained in the following manner. Let a feed be at a position 
y in the image plane, then minor lobes at levels shown in Fig. 19 will 
be produced somewhere in the space. At the same time the major lobe 
field intensity corresponding to this feed displacement can be found 
by first using Fig. 16 to obtain the scan angle a for this value of y, 
then referring to Fig. 17(a) for the intensity. The ratio of these two 
intensities is the sidelobe level of the radiation pattern for this feed 
displacement. 

“VY. T. Lo, “A Study of the Chromatic Aberration of a Coma- 
Corrected Zoned Mirror,” Antenna Lab., Univ. of Illinois, Urbana, 
Ill., Tech. Rept.; 1960. 
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Fig. 18—Half-power beamwidth of the radiation 
pattern vs scan angle. 
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Fig. 16—Relation between the position of off-axis feed 
and the beam deflection angle a. 
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(b) 
Fig. 17—(a) Maximum field intensity of the image vs scan angle a. 


(b) Variation of directive gain vs scan angle a; for the designed 
frequency fy and 1.0625f. 
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Fig. 20—Minor lobe level of the Radiation pattern vs scan angle. 
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_ Fig. 21—Ratio of two first secondary maxima vs scan angle @ for the 
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__ Fig. 22—Image patterns in the focal plane for zoned mirror at 


1.0625f) and 1.125f) and for smooth parabola at 1.0625f0, with 


- a=15", 


band device, whose maximum intensity gain, minor lobe 
- level and position, and ratio of two secondary maxima 
_ for 1.0625fo are essentially the same as those at fo, as 
_ shown in Figs. 17, 19, and 21. 


VI. DiscussIon AND CONCLUSION 


A study of the |AE| -curves reveals that the approxi- 


~ mate solution is very close to the exact one. Because of 


the relative ease of computation, it has more practical 
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value than the exact solution. Indeed, the latter be- 
comes impractical in such a complex problem. 

In spite of a large number of discontinuities in the 
structure, the generally used physical optics solution 
seems to offer a rather accurate result. For higher accu- 
racy the edge effect should be considered, but the cou- 
pling effect seems to be of less importance. 

The effectiveness of a coma-corrected zoned mirror 
has been a subject of controversy for some time. The 
present investigation, made on a two-dimensional cy- 
lindrical zoned mirror which is free from astigmatism, 
enables us to evaluate its effectiveness in correction of 
“coma” without complications of other aberrations. 

A comparison with the performance of an equivalent 
smooth parabola has indicated that the zoned mirror 
with small #-number and uniform illumination has a 
performance much superior to that of a smooth parabola 
in the reduction of the coma aberration. The beam- 
width, gain and minor lobe level of the radiation pattern 
and also the ratio of the two first minor lobe levels of the 
image distribution in the focal plane are relatively con- 
stant for a zoned mirror for scan angles up to 25°, while 
for a smooth parabola the ratio of the first minor lobe 
level increases drastically. 

On the other hand, the zoned mirror is a very fre- 
quency-sensitive device; at a frequency about 6 per cent 
higher than the design value, the image and also the 
scanning performance are worse than those of corre- 
sponding smooth parabola. The zoned mirror probably 
has a total useful bandwidth of only a few per cent. 

The method of solution used in this paper provides a 
detailed and fairly accurate picture of results to be ex- 
pected in a region where geometrical optics fails. The 
approach may be particularly valuable in radio-tele- 
scope applications where the structure is often so huge 
that an experimental study, even on a scaled down 
model, is impractical. 
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Microwave Antennas Derived from the Cassegrain Telescope* 


PETER W. HANNANT, SENIOR MEMBER, IRE 


Summary—A microwave antenna can be designed in the form 
of two reflecting dishes and a feed, based on the principle of the 
Cassegrain optical telescope. There are a variety of shapes and sizes 
available, all described by the same set of equations. The essential 
performance of a Cassegrain double-reflector system may be easily 
analyzed by means of the equivalent-parabola single-reflector con- 
cept. 

Techniques are available for reducing the aperture blocking by 
the sub dish of the Cassegrain system: one method minimizes the 
blocking by optimizing the geometry of the feed and sub dish; other 
methods avoid the blocking by means of polarization-twisting 
schemes. The former method yields good performance in a simple 
Cassegrain antenna when the beamwidth is about 1° or less. The lat- 
ter methods are available for any application not requiring polariza- 
tion diversity, and an optimized set of polarization-operative surfaces 
has been developed for these twisting Cassegrain antennas. 

Experimental results, presented for practical antennas of both 
types, illustrate the feasibility of these principles. A number of un- 
usual benefits have been obtained in the various Cassegrain antenna 
designs, and additional interesting features remain to be exploited. 


I. INTRODUCTION 
YOR THE DESIGN of an optical telescope, the 


Cassegrain double-reflector system has often been 

utilized [1 ]-[4]. Compared with the single-reflector 
type, it achieves a high magnification with a short focal 
length, and allows a convenient rear location for the ob- 
server. 

Recently, a number of microwave antennas have been 
developed which employ double-reflector systems sim- 
ilar to that of the Cassegrain telescope. Each of these 
antennas has achieved one or more particular benefits 
not obtainable with the ordinary single-reflector type. 
While the various designs may differ from each other to 
a considerable degree, there are certain basic features 
which are common to all. . 

It is the purpose of this paper to outline the design 
principles and essential properties of the Cassegrain an- 
tenna, and to discuss its advantages and limitations. 
Some of the techniques available for minimizing its 
limitations are described, and experimental results 
illustrating the practical nature of two particular de- 
signs are presented. Finally, a number of interesting 
applications for the Cassegrain antenna are mentioned. 


II. TELESCOPE vs ANTENNA 


A Cassegrain telescope consists of two mirrors and an 
observing optical instrument, as indicated in Fig. 1. The 
primary mirror, which is a large concave mirror in the 
rear, collects the incoming light and reflects it toward 
the secondary mirror, which is a small convex mirror out 


* Received by the PGAP, March 12, 1960. Revised manuscript 
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in front. The secondary mirror then reflects the light 
back through a hole in the center of the primary mirror. 
When the incoming rays of light are parallel to the tele- 
scope axis, the final bundle of light rays is-focused to- 


uy 
f 
4 


March — 


ward a point; at this location the observer places his - 


eye or his camera. 

The basic microwave antenna derived from the Casse- 
grain telescope is shown in Fig. 2. The microwave re- 
flectors, which will be called the main dish and the sub 


dish, respectively, have surfaces similar in shape to ~ 


those of the telescope. The microwave feed is a small an- 
tenna which, together with a transmitter or receiver, re- 
places the optical instrument of the telescope. 

Analysis of the operation of a Cassegrain antenna sys- 
tem may be performed with the same semi-optical ap- 
proximation commonly employed with an ordinary 
single-dish antenna. Usually the feed is sufficiently 


small so that the wave radiated by the feed can be de- — 


scribed by the far-field pattern of the feed before reach- 
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Fig, i—Cassegrain telescope. 
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Fig. 2—Cassegrain antenna. 
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ing the sub dish, and the wave incident on the sub dish 
appears to travel along the rays originating from a point 
centered on the feed. The sub dish, which must be large 
enough to intercept the useful portion of the feed radia- 
tion, ordinarily reflects this wave essentially according 
to ray optics. On reaching the main dish, the wave is 
again reflected according to ray optics; and because of 
the geometry of the antenna elements, the rays emerge 
parallel and the wavefront has the flat shape which is 
usually desired. The amplitude of the emergent wave 
across the aperture has a taper which is determined by 
the radiation pattern of the feed, modified by the addi- 
tional tapering effect of the antenna geometry. The far- 
field pattern of the antenna is, of course, a diffraction 
_ pattern whose characteristics depend on the amplitude 
taper of the emergent wave. 


III. GEOMETRY 


The geometry of the Cassegrain system is simple and 
well-known, but it is helpful to have at hand those for- 
- mulas describing the dish contours in terms of the sig- 
nificant antenna parameters. The classical Cassegrain 
geometry, shown in Fig. 3, employs a parabolic contour 
for the main dish and a hyperbolic contour for the sub 
dish. One of the two foci of the hyperbola is the real 
focal point of the system, and is located at the center 
of the feed; the other is a virtual focal point which is 
located at the focus of the parabola. As a result, all parts 


of a wave originating at the real focal point, and then 


reflected from both surfaces, travel equal distances to a 
plane in front of the antenna. 

_ To completely describe a Cassegrain system, four 
fixed parameters are required, two for each dish. Since 
seven parameters are shown in Fig. 3, three are de- 
pendent on the other four, and three equations exist 
which describe this dependency. In the case of the main 
dish, the relationship is 


REAL FOCAL POINT _ 


VIRTUAL FOCAL POINT 


Dm 


HYPERBOLA 


PARABOLA 


Fig. 3—Geometry of Cassegrain system. 
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As will be discussed later, the positive sign in the above 
formula applies to the Cassegrain forms, and the nega- 
tive sign to the Gregorian forms. In the case of the sub 
dish, the relationships are 


1 1 FP, 


—=2—, (2) 
tang, tand, PD: 


; sin 4(¢, — ¢,) hs rs 
sin 3(¢, + ¢,) F, 


(3) 


In a typical case, the parameters Dn, Fm, F., and ¢, 
might be determined by considerations of antenna per- 
formance and space limitations; ¢,, D,, and L, would 
then be calculated. It is interesting to note that a value 
for the parameter ¢,, which determines the beamwidth 
required of the feed radiation, may be specified inde- 
pendently of the ratio F;,/Dm, which determines the 
shape of the main dish. 

The contour of the main dish is given by the equation 
. Mea 
os : 

AF, 


(4) 


The contour of the sub dish is given by the equation 


where 
sin 4(b» + dy) 
e = —————_» 
sin 2(oo ae, r) 
F, 


Pez 


a 


The quantities e, a, and b are the parameters of the 
hyperbola: e is eccentricity, a is half the transverse axis, 
and 0 is half the conjugate axis. 

So far, only the geometry of the classical Cassegrain 
system has been considered. However, the system may 
easily be extended to include a variety of forms, all 
obeying the basic formulas presented above. In Fig. 4, 
two series are shown in which the curvature of the sub 
dish is modified from the classical convex shape to a 
flat, and finally a concave shape. As this is done, the 
diameter of the sub dish increases. The first series shows 
the case in which the main dish is held invariant; this 
yields a progressive increase in the required feed beam- 
width, and a progressive decrease in the axial dimension 
of the antenna. In the second series the feed beamwidth 
is held invariant; in this case, the main dish becomes 
progressively flatter, and the axial dimension of the an- 
tenna progressively increases. 
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(a) Invariant main dish. (b) Invariant feed. 


Fig. 4—Cassegrain modifications. 


In Fig. 5, a series is presented in which the beamwidth 
of the feed is progressively increased while the overall 
dimensions of the antenna are held fixed. The range of 
values of some of the parameters previously mentioned 
are indicated alongside the sketches, together with the 
distinguishing characteristic of each case. (In each 
sketch an additional dish and some additional rays are 
shown in dashed lines, and one column has an addi- 
tional parameter F,/F,,; these will be discussed in the 
next section of this paper, and should be disregarded at 
this point.) The first three cases are similar to those 
shown in Fig. 4. In the fourth case, the main dish has de- 
generated to a flat contour and the sub dish has degen- 
erated to a parabolic contour; here, the flat main dish 
may be placed at any distance from the sub dish, out to 
the region where the ray-optical approximation begins 
to fail. The final case carries the progression to the ridic- 
ulous extreme of a concave elliptical sub dish and a con- 
vex parabolic main dish, with the former being larger 
than the latter. It should be mentioned that in the two 
cases having one flat dish, the formulas presented be- 
fore, while valid, are overly complicated and contain in- 
determinate factors; since the focusing is accomplished 
entirely by the curved parabolic surface, it is preferable 
to employ the simple formulas for an antenna having a 
single parabolic dish. 

A further extension of the Cassegrain system is shown 
in Fig. 6. Here, the focal point of the main dish moves to 
a region between the two dishes, and the contour of the 
sub dish becomes concave elliptical. In the first of the 
two cases shown, the system is identical with that of the 
Gregorian telescope; however, both cases obey the 
formulas given previously for the Cassegrain system, if 
the proper values are employed. The ranges allowable 
for some of the parameters are indicated in the figure. 
In addition, the negative sign must be employed in (1) 
so as to maintain a positive F,, with the negative ¢, 
which occurs in the Gregorian forms. The first case, or 
classical Gregorian, is drawn so as to have the same 
over-all size and the same feed beamwidth as the classical 
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Fig. 5—Series of Cassegrain forms. 
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ILLUSTRATION 


FEED IN REAR 
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FEED IN FRONT OF 
MAIN DISH FOCUS 


Fig. 6—Series of Gregorian forms. 


Cassegrain in the first case of the previous figure. Under 
these conditions, the Gregorian form requires a shorter 
focal length for the main dish. In the second of the 
Gregorian forms shown, the feed has been moved to a 
location between the main dish focus and the sub dish, 
with the main dish kept the same as in the first case. 
This form would have several major disadvantages that 
would make it unattractive in most antenna applica- 
tions. 

All of the above-mentioned forms are members of the 
same family, which might be called the Cassegrain 
family, In every case, incoming rays collected by the 
main dish are focused toward a point. It should be men- 
tioned that a further extension of the Cassegrain system 
can be made by modifying the contours of both dishes 
in such a way that incoming rays collected by the main 
dish are not focused exactly toward a point, while the 
final bundle of incoming rays, after reflection from the 
sub dish, remain focused toward a point. Although this 
may be a useful technique for achieving certain kinds of 
performance [5|-[7], it is beyond the scope of this 


paper. 
IV. EQUIVALENCE CONCEPTS 
A. Virtual Feed 


One concept which is helpful in understanding and 
predicting the essential performance of a Cassegrain 
antenna is that of a virtual feed. As shown in Fig. 7, the 
combination of real feed and sub dish is considered as 
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REAL FEED 


VIRTUAL FEED 


Fig. 7—Virtual-feed concept. 


being replaced by a virtual feed at the focal point of the 
main dish. Thus the antenna becomes an ordinary 
single-dish design, having the same main dish but a dif- 
ferent feed. 

If both the real and virtual feeds had dimensions 
much larger than a wavelength, the configuration of the 
virtual feed could be determined by finding the optical 
image of the real feed in the sub dish. This condition 
seldom exists for a microwave antenna; however, if only 
the effective apertures of the feeds are considered, it is 
found that the imaging process yields approximately 
the correct results. For the classical Cassegrain configur- 
tion shown in Fig. 7, the virtual feed has an effective 
aperture smaller than that of the real feed, and has a 
correspondingly broader beamwidth. The beamwidth 
increase is, of course, the result of the convex curvature 
of the sub dish; the ratio of virtual-feed to real-feed 
beamwidth is indicated by the quantity $./¢;. 

For the various Cassegrain modifications, the range 
of values that the quantity ¢,/¢, may achieve is given in 
the first column of Figs. 5 and 6, and from this the rela- 
tive sizes of the effective apertures of the real and virtual 
feeds may be inferred. When the sub dish is flat, the 
virtual and real feeds are, of course, identical. For the 
Cassegrain system having a concave sub dish, the vir- 
tual feed has a beamwidth smaller than that of the real 
feed, and has a larger effective aperture. However in the 
classical Gregorian form, the concave sub dish results in 
an effective aperture of the virtual feed which is smaller 
than that of the real feed, just as in the classical Casse- 
grain system. 

There are several situations in the design of micro- 
wave antennas in which the ability to obtain a different 
effective aperture of the virtual feed from that of the 
real feed is quite helpful. One such case occurs with a 
monopulse antenna, where it is difficult to reduce the 
overall size of the feed aperture to a wavelength or less, 
while maintaining efficient and wideband performance. 
On the other hand, a large feed aperture ordinarily re- 
quires a long focal length for effective utilization of 
the main aperture, thereby increasing the size of the 
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antenna structure. This problem may be solved by 
means of the classical Cassegrain system of Fig. 7, which 
can incorporate a large feed while employing a short 
focal length for the main dish. Actually, the axial dimen- 
sion of such an antenna is often less than the main focal 
length, because the virtual feed is beyond the sub dish. 
In addition, of course, there are no waveguide com- 
ponents required in this forward region. 


B. Equivalent Parabola 


The concept of a virtual feed furnishes a useful quali- 
tative means for analyzing a Cassegrain antenna, but, in 
general, it is not convenient for an accurate quantitative 
analysis. In addition, the virtual feed assumes ridiculous 
proportions for certain of the Cassegrain configurations. 
A second concept, that of the equivalent parabola, over- 
comes these limitations. 

As shown in Fig. 8, the combination of main dish and 
sub dish is considered as being replaced by an equivalent 
focusing surface, drawn with dashed lines in the figure, 
at a certain distance from the real focal point. The prop- 
erties of this focusing element can be determined from a 
study of the “principal surface” of the Cassegrain sys- 
tem. This surface [8] is defined here as the locus of inter- 
section of incoming rays parallel to the antenna axis with 
the extension of the corresponding rays converging 
toward the real focal point, as indicated in Fig. 8. It 
_happens that for the Cassegrain system, the “principal 
surface” has a parabolic contour, and the focal length of 
this parabola exactly equals the distance from its vertex 
to the real focal point. As a result, this surface could be 
employed as a reflecting dish which would focus an in- 
coming plane wave toward the real focal point in ex- 
actly the same manner as does the combination of main 
dish and sub dish. (Actually, the plane wave would have 
to be incident from the opposite direction; this is of no 
significance in the principles of this concept.) Thus the 


Fig. 8—Equivalent-parabola concept. 
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antenna again becomes an ordinary single-dish design, 
but this time having the same feed and a different main 
dish. 

It should be mentioned that the equivalent parabola 
is based on simple ray analysis, rather than on an exact 
analysis of the wave action. This ray approximation is 
made throughout the paper, and is accurate enough for 
most purposes except when the sub dish is only a few 
wavelengths in diameter. When the wave analysis is 
necessary, consideration would have to be given to the 
Fresnel diffraction pattern formed at the main dish 
after reflection of the feed radiation by the sub dish. 

The following equations provide the relationship be- 
tween the equivalent parabola, the antenna parameters 
shown in Fig. 8, and some of the parameters previously 
mentioned: 


ge hs , 
ae F = tan 2¢,, (6) 
2 
re - (7) 
PE  - tanidss (Eee seis a 8) 
As tari bd © Eat he at 


In (8), the positive sign applies to the Cassegrain forms, 
and the negative sign to the Gregorian forms. Eqs. (6) 
and (7) describe the equivalent parabola itself, in terms 
of its equivalent focal length, F.. Eq. (8) presents the vari- 
ous alternate expressions for the quantity F./F, the 
ratio of equivalent focal length to focal length of the 
main dish. It is evident that with the classical Casse- 
grain system, the equivalent focal length is greater than 
the focal length of the main dish. 

As might be expected, the equivalent-parabola con- 
cept also applies to the extended Cassegrain forms, and 
to the Gregorian forms, as well. The equivalent parabola 
for each of these cases is indicated by the dashed curves 
in Figs. 5 and 6, and the range of values for the quantity 
F./F is indicated in the first column of these figures. 
When the sub dish is flat, the equivalent focal length 
equals the focal length of the main dish. For the Casse- 
grain system having a concave sub dish, the equivalent 
focal length is shorter than that of the main dish. For 
the case of a flat main dish, the equivalent parabola is 
identical with the sub dish. In the classical Gregorian 
form, the equivalent focal length is greater than that of 
the main dish, as is also the case in the classical Casse- 
grain system. 

In describing the magnifying properties of a Casse- 
grain optical telescope, it has become customary to em- 
ploy the concept of the equivalent focal length [1], [2], 
[4]. It has also been recognized that the coma aberration 
of a Cassegrain telescope is the same as that of a tele- 
scope having a single parabolic mirror of focal length 
equal to the equivalent focal length of the Cassegrain 
[2]. These two aspects are readily explainable in terms 
of the equivalent parabola. It may be noted that since 
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the Cassegrain optical telescope has an equivalent focal 
length greater than that of its large mirror, it has greater 


magnifying power and reduced coma compared with 


that obtained with only the single large mirror. 
In the case of a microwave antenna, the equivalent- 
parabola concept yields properties similar to those men- 


- tioned above. The effective aperture of the feed should 


be such that the equivalent parabola is properly illum- 
inated: when the equivalent focal length is greater than 
the focal length of the main dish, the optimum feed 
aperture is larger than that which would be optimum 
for a single-dish antenna having the same focal length 
as the main dish. This result is analogous to the magni- 
fying properties [1 ]-[3] of the optical telescope; it also 
corresponds to the result obtained with the virtual-feed 
concept. Indeed, the ratio F./ Ff, is sometimes called the 
magnification. This is a valid approximation when ap- 
plied to the relative sizes of the real and virtual feeds or 
images. However, it should not be confused with the 
magnification of an optical telescope containing an eye- 
piece, in which the term usually applies to the relative 
sizes of the image and the object. 

As regards coma aberration, the equivalent-parabola 
concept yields the same results as in the optical case, 
when the off-axis beam angle is small. However, when 


this angle becomes appreciable, as may be necessary in 


a microwave antenna, the feed is sufficiently offset from 
the dish axes so that the principal surface is no longer 
closely approximated by the original equivalent parab- 


ola; therefore, the wide-angle coma may differ con- 


siderably from that calculated by the equivalent-parab- 


~ ola concept. Of course, other aberrations may become 


appreciable at the same time. 

There are some significant uses of the equivaleiit- 
parabola concept in the microwave antenna which ap- 
pear to have no application in the optical telescope. One 
such case involves the determination of amplitude taper 
across the main aperture of the antenna. For an ordi- 
nary single-dish antenna, the illumination is deter- 
mined by the radiation pattern of the feed, modified by 
a “space-attenuation” characteristic which is a simple 
function of the F/D ratio [9]. For a Cassegrain antenna, 
exactly the same process is applicable, with the /’ LD 
ratio now being the ratio of equivalent focal length to 
main-dish diameter, F./Dm. In other words, the illumi- 
nation is exactly the same as that which would exist 
across a single dish having the equivalent focal length 
and being illuminated with the same feed. When the 
equivalent focal length is greater than the diameter, the 
“space-attenuation” characteristic modifies the feed 
radiation only slightly; with a practical feed, such an 
antennacan have high efficiency even though it may have 
a physically short axial length. 


V. REDUCTION OF APERTURE BLOCKING 


The principal limitation on the application of the 
historical Cassegrain system to microwave antennas is 
the blocking of the main aperture by the sub dish [10], 
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[11]. This problem has not been serious with optical tele- 
scopes because the requirements on characteristics of 
the diffraction pattern have not been severe, and be- 
cause, for the relatively short wavelength of light, the 
size of the small reflector can be made very much less 
than that of the large reflector. With a microwave an- 
tenna, neither of these conditions ordinarily exists. 

The presence of an opaque sub dish in the main aper- 
ture of the antenna creates a “hole” in the illumination — 
which causes decreased gain and increased sidelobe 
levels. To analyze this effect, the resulting illumination 
may be resolved into two components [9], the original 
illumination plus a negative center, or “hole,” as shown 
in Fig. 9(a). The resulting antenna pattern, shown in 
Fig. 9(b), can be determined by adding together the two 
pattern components, the original pattern plus a broad, 
low, negative pattern radiated by the “hole.” 

Although the above method facilitates an exact calcu- 
lation of the shadowing effect for any case, it is instruc- 
tive to apply the method to a particular simple case 


RESULTANT ORIGINAL HOLE 
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(b) Patterns. 
Fig. 9—Effect of aperture blocking. 


146 


which approximates many practical cases. If the main 
aperture is circular, and is assumed to have a com- 
pletely tapered parabolic illumination, a small circular 
obstacle in the center of the aperture will create a “hole” 
pattern whose peak voltage relative to the peak voltage 
of the original pattern is 


2 

Lae (ea a 

Fg iD 
where D, is the diameter of the blocked portion of the 
aperture. This relative voltage is then subtracted from 
unity to yield the resultant relative peak voltage, and 
is added to the relative level of the first sidelobe to 
yield the resultant relative level. 

The illumination hole is not the only effect created by 
the presence of an obstacle in the main aperture; the 
power which strikes the obstacle must also be accounted 
for. Usually this power reradiates and contributes an 
additional component to the sidelobes. For a particular 
sub dish and antenna configuration, it is often a straight- 
forward process to estimate the amplitude pattern of 
this radiation. However the manner in which it com- 
bines with the original pattern is more complicated, 
and is likely to vary radically with a change of fre- 
quency. A further consideration of this effect is beyond 
the scope of this paper, and, even though it may some- 
times be an important one, the effect will be neglected 
~ henceforth. 


A. Minimum Blocking with Simple Cassegrain 


In order to determine the degree of aperture block- 
ing to be expected in a Cassegrain antenna having an 
ordinary reflecting sub dish, it is necessary to consider 
those factors which influence the size of the sub dish. 
Essentially, the minimum size of the sub dish is de- 
termined by the directivity of the feed, and the dis- 
tance between the feed and the sub dish. By making the 
feed more directive, or by decreasing its distance to the 
sub dish, the size of the sub dish may be reduced with- 
out incurring a loss caused by spillover of the feed radia- 
tion beyond the edge of the sub dish. However, as indi- 
cated in Fig. 10, a continuation of this process can 
eventually result in the feed itself creating a shadow in 
the main illumination which is greater than that created 
by the sub dish. It is evident that there is some inter- 
mediate condition in which neither the sub-dish nor the 
feed shadow predominates, and which would yield the 
least amount of aperture blocking; this may be termed 
the minimum-blocking condition. 

In Fig. 11, the minimum blocking condition is shown, 
together with some approximate equations describing 
the basic relations between certain parameters. By com- 
bining these equations, a relationship is obtained which 
specifies the geometry for the minimum-blocking condi- 
tion; it is as follows: 
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Fig. 10—Types of aperture blocking. 
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Fig. 11—Condition for minimum blocking by sub dish and feed. 


where D,’ is the physical or blocking diameter of the sub 
dish, Dy; is the physical or blocking diameter of the feed 
aperture, and is the ratio of the effective feed-aperture 
diameter to its blocking diameter.! This approximate 
relationship assumes that the angles ¢, and ¢;, shown in 
Fig. 11, are small; and that the sub dish is much closer 
to the focus of the main dish than it is to the feed (F./ Fm 
much larger than one). It also assumes that ray optics 
can describe the feed shadow; this is a good approxima- 
tion when the feed is far from the sub dish. Within these 
limitations, minimum aperture blocking is obtained for 
a practical case in which there is essentially no spillover 
of the main lobe of the feed pattern past the edge of the 
sub dish. Although shown for the classical Cassegrain 
system, the above approximate analysis also applies for 
the classical Gregorian system [13]. 

It can be seen that the minimum-blocking condition 


‘ Ordinarily k is slightly less than one; however, where a cluster 
of many feeds is employed to obtain a cluster of antenna beams, k 
can become quite small. 


= 1961 


is not limited to a particular set of antenna dimensions, 
but includes a series ranging from the case of a feed 
located near the vertex of the main dish and having a 
diameter about equal to that of the sub dish, to the case 
of a feed located far in front of the main dish and hav- 
ing a diameter much smaller than the sub dish. In the 
former case, the feed should be focused approximately 
toward the focal point of the main dish in order that the 
illumination of the main aperture be characterized by a 
Fraunhofer diffraction pattern rather than a Fresnel 
pattern. In the latter case this is not necessary, but the 
feed must, of course, be excited by a length of transmis- 
sion line and supported in its extended location; in an 
extreme form the latter case resembles a single-dish an- 


_ tenna with a splash-plate feed, although the principle 


of operation is quite different. 
The diameter of the aperture blocking for the mini- 


- mum-blocking condition is given by the following ap- 


proximate equation: 


2 
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where the limitations are the same as those mentioned 
previously. This equation also assumes that the total 
amount of aperture blocking is no greater than either of 
the two equal and coincident shadows; actually the 
blocking would be somewhat greater, particularly for 
the case of a small feed located close to the sub dish. It 
should also be mentioned that the approximation given 
in (11) implies that a classical Gregorian would have 
slightly less blocking than a classical Cassegrain of the 
same axial dimension, because of the shorter Ff, of the 
former; however, a more exact formulation would show 
that just the reverse is true. The significant fact to note 
from (11) is that the minimum blocking diameter can 
be computed before determining the feed size and loca- 
tion, these latter dimensions finally being related by 
(10). 

It is of interest to express (11) in some alternate ap- 
proximate forms which more clearly illustrate the basic 
relationships; 


: eae eee a (12) 
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where 26,/2 is the approximate half-power beamwidth of 
the antenna pattern in radians, and 28, is the approxi- 
mate included angle formed by the main dish at the 
virtual feed in radians. (Actually the first and second 
forms of (12) are almost exactly equal when the main 
aperture is circular and has a completely tapered para- 
bolic illumination, and the second and third forms are 
equal when 2¢, is small.) It is apparent from (12) that 
an antenna with a narrow beamwidth can have less rela- 
tive aperture blocking than one with a wide beamwidth. 
This might be expected on the basis that the optical 
case, which has a very narrow. beamwidth, has the ca- 
pability for very small relative aperture blocking. Also 


(11) 
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apparent is the desirability of a small F/D ratio for the 
main dish, and an efficient feed aperture (& approaching 
one). 

As an example, consider an antenna which is to have 
a pencil beam of one-degree half-power beamwidth, 
F'm/Dm=0.3, R=0.7, and which is to be optimized for 
the minimum-blocking condition. The second form of 
(12) yields a value of about .012 for (Domin/Dm)?, which 
may then be applied in (9) to yield a value of about .024 
for E,/E,. The aperture blocking in this antenna would 
therefore reduce the gain by about } db and would in- 
crease a —23 db sidelobe? to about —20.5 db. This ef- 
fect might be acceptable for some applications, but not 
for others. Thus a one-degree beamwidth might be con- 
sidered as a rough boundary above which the simple 
Cassegrain design, even though optimized, would be 
unattractive. 


B. Twisting Cassegrains for Least Blocking 


The preceding discussion of a minimum-blocking de- 
sign has assumed that, similar to an optical telescope, 
operation in all polarizations is required. However, 
many microwave antennas need operate in only one 
polarization, and in this event a considerable reduction 
of aperture blocking is possible. Fig. 12 presents one 
scheme for accomplishing this, by means of a polariza- 
tion-twisting technique which avoids the sub-dish shad- 
owing. 


MAIN DISH WITH 
TWISTREFLECTOR } 
! 


SUB DISH WITH 
TRANSREFLECTOR 


VP 


Fig. 12—Polarization twist for non-blocking sub dish. 


In this scheme as shown, the sub dish comprises a 
horizontal grating, called a transreflector, which reflects 
a horizontally-polarized wave radiated by the feed. The 
main dish incorporates a surface design, called a twistre- 
flector, which twists the horizontally-polarized wave to 
a vertically-polarized one as it reflects the wave back. 
The portion of this wave which is now incident on the 


2 The —23 db figure isa value which is typical for the first-sidelobe 
level when the illumination is tapered to about 11 db for maximum 
gain with a circular aperture. 
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sub dish is transmitted through unaffected, because the 
sub dish is transparent to a vertically-polarized wave. 
Thus there is no blocking by the sub dish at all. The 
feed does, of course, create aperture blocking; however, 
its size can be made quite small, and the blocking can 
be comparable with that of an ordinary single-dish de- 
sign. In this scheme, therefore, it is advantageous to use 
a large sub dish with a small feed. 

While the above process is theoretically perfect in the 
cardinal regions of the antenna aperture, the three- 
dimensional geometry of the system is such that there 
can be some loss into cross-polarized radiation toward 
the outer portion of the intercardinal regions. It is be- 
yond the scope of this paper to consider this effect in de- 
tail, but some general comments can be made. One part 
of this effect occurs with the wave radiated from the sub 
dish to the main dish; for any but the most extreme 
Cassegrain forms, the loss here is usually so small as to 
be negligible. The other part occurs with the wave radi- 
ated from the feed to the sub dish, and the results are 
dependent on the polarization characteristics of the 
feed. There is often a moderate amount of loss here; 
however it is usually not greatly different from the loss 
in an ordinary single-dish antenna caused by the same 
effect. 

Another scheme for reducing aperture blocking is in- 
dicated in Fig. 13; here, a polarization-twisting tech- 
nique is employed to render the feed invisible. Two con- 
figurations are possible, both involving a sub dish which 
incorporates a twistreflector. In one case, a vertically- 
polarized feed is located behind the main dish, and the 
central portion of the main dish includes a transreflector 
having a horizontal grating. The feed radiates through 
the transreflector toward the sub dish, the sub dish re- 
flects this wave and twists its polarization to horizontal, 
and the horizontally-polarized wave is then completely 
reflected by the main dish. In the other case, the feed 
is composed of thin horizontal elements and is located 
out in front of a simple main dish. When the feed radi- 
ates toward the sub dish, the vertically-polarized wave 
returned by the sub dish passes through the feed unaf- 
fected, is completely reflected by the main dish, and 
again passes through the feed. In both of these con- 
figurations, it is evident that the sub dish causes aper- 
ture blocking but the feed does not. Consequently, the 
feed may be greatly enlarged so that its increased direc- 
tivity allows the sub dish to become quite small. As 
mentioned previously, when the feed becomes equal to 
or larger than the sub dish, the phase front across the 
feed aperture should be curved so as to focus the feed 
toward the vicinity of the main dish focus. It should also 
be mentioned that when this condition exists, the simple 
geometry of the Cassegrain system and the equivalence 
concepts no longer apply; however the basic operation 
of the antenna remains similar. 

Of the two basic polarization-twisting schemes, the 
one having a twistreflecting main dish is of general 
applicability to many antenna developments [14|-[17], 
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Fig. 13—Polarization twist for non-blocking feed. 


while the one having a twistreflecting sub dish is useful 
in some special circumstances. For example, the former 
may be efficiently employed with any of the Cassegrain 
extensions shown in Fig. 5, and with the classical Gre- 
gorian form, as well. On the other hand, the latter should 
be limited to those forms in which the sub dish is small 
compared with the main dish. In either case it is essen- 
tial, of course, to have suitable designs for the twist- 
reflector and transreflector. One particular technique 
[16] involving thin metal wires embedded in fiberglass 
skins, has proven most satisfactory. While it is not the 
purpose of this paper to discuss these designs in detail, a 
brief description is in order as an indication of their 
practical nature. 

For the transreflector design, a grating of thin wires, 
closely-spaced compared with a wavelength, has the 
property of being essentially a perfect reflector for 
parallel polarization, and being essentially invisible to 
perpendicular polarization. The cross-section of a 
practical structure which incorporates a quarter-wave 
sandwich support is indicated in Fig. 14(a). The wires 
may be placed all in one skin, or else they may be di- 
vided equally between the two skins as shown; either 
technique usually yields about the same result. 

For the twistreflector design, a grating of metal wires 
oriented at 45° to the incident polarization may be 
placed in front of a reflecting surface. When the spacing 
between the grating and the reflecting surface is about 
three-eighths of a wavelength, and the grating is de- 
signed to allow about one-half of the parallel-polarized 
power to pass through, the twistreflector operates over 
a broad frequency band and over a wide range of inci- 
dence angles. The cross-section of a practical structure is 
shown in Fig. 14(b). 

It is perhaps interesting to note in passing, that there 
are a number of uses for a twistreflector in addition to 
those already discussed. One such use occurs in an ordi- 
nary single-reflector antenna during transmission, when 
it is desired to prevent any of the wave reflected by the 
dish from getting back into the feed. This can be ac- 
complished with a twistreflector on the dish [12]. 
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Fig. 14—Designs for polarization-operative surfaces. 


Another use applies to a simple Cassegrain, in which it 
is desired to eliminate what may sometimes be an ap- 
preciable reflection by the sub dish back into the feed. 
Incorporation of a twistreflector on the sub dish achieves 
this result, and may create other advantages as well. 


VI. EXPERIMENTAL RESULTS 


A number of Cassegrain antennas have been de- 
signed at Wheeler Laboratories, and their performance 
has been highly satisfactory. By way of illustration, 
the radiation patterns of two different antennas are pre- 
sented; these two were designed for the Bell Telephone 
Laboratories on Army Ordnance projects. 

One design is shown by the photograph in Fig. 15. It 
employs simple reflecting surfaces, and its geometry 


approaches that of the minimum-blocking configuration 


indicated in Fig. 11. Actually, as may be seen from the 
picture, the sub dish is appreciably larger than the feed 
shadow, and the blocking area is greater than the mini- 


mum possible by a factor of almost 3. The antenna is 
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Fig. 15—Photograph of a simple Cassegrain. 


shown in location on the roof of the antenna-develop- 
ment facility of Wheeler Laboratories at Smithtown, 
Long Island. Also visible in the picture are the precision 
mount for the antenna, and the versatile positioning 
devices for the feed and sub dish; these items were pro- 
vided by the Bell Telephone Laboratories. 

The radiation pattern and efficiency’ of this Casse- 
grain antenna are shown by the solid curve in Fig. 
16(a). The half-power beamwidth is 0.6 degrees; this is 
narrow enough so that the simple Cassegrain system 
without twisting is adequate for the intended applica- 
tion, even without complete optimization of the aper- 
ture blocking. As may be seen, the efficiency? of this 
Cassegrain is fairly high in spite of aperture blocking 
by both the sub dish and its rigid supporting system. 
This is probably a result of the efficient aperture utiliza- 
tion obtained with a long equivalent focal length. As 
expected, the near sidelobes are raised several db by the 
sub dish blocking; however this effect would also have 
occurred in the intended application had an ordinary 
single-reflector antenna been employed. 

The dashed curve in Fig. 16(a) shows the radiation 
pattern which is obtained when the antenna is inten- 
tionally defocused by moving the sub dish a small dis- 
tance toward the main dish. If desired, this technique 
might be used to provide a variable beamwidth. Al- 
ternatively, by moving the sub dish away from the main 
dish the antenna can be focused toward a point nearer 
than the far field; this would permit a greater concen- 
tration of power at such a point than could otherwise be 
obtained. Of course these focusing techniques are also 


’ The “efficiency” is used here as the ratio of measured gain to the 
gain which would be obtained if the same main aperture were uni- 
formly illuminated, with no spillover or other losses. 
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(b) Off-axis scanning methods. 


Fig. 16—Radiation patterns of a simple Cassegrain. 


available in the ordinary single-reflector antenna, as well 
as most other types. With this Cassegrain, however, it 
is possible to perform these operations by motion of a 
relatively small, passive device. 

In Fig. 16(b), the patterns of this same antenna are 
shown for two cases in which the beam is scanned off 
axis by approximately three beamwidths. The pattern 
on the left is obtained by a movement of only the sub 
dish; the motion involves a substantial tilt about the 
main dish focus, plus a small axial motion to regain the 
focused condition in the plane of scan. It is evident that 
no appreciable coma is introduced by this process, since 
the pattern remains quite symmetrical. On the other 
hand, there is a considerable amount of astigmatism cre- 
ated; the pattern in the plane normal to the scan plane, 
not shown here, is quite broad. This defect is partly re- 
sponsible for the decrease of gain which is apparent. 
The results presented above are typical of a Cassegrain 
system with a large F./F,. It is perhaps instructive to 
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mention that similar effects are obtained with this sys- 
tem when the scanning is accomplished by offsetting the 
feed and refocusing. 

The pattern on the right side of Fig. 16(b) is obtained 
by tilting both the feed and the sub dish as a unit about 
the vertex of the main dish. This is equivalent to rotat- 
ing the virtual feed about the same point. As can be ex- 
pected, this results in a substantial degree of coma dis- 
tortion, about the same as would be obtained by off- 
setting the feed in an ordinary single-reflector antenna 
of the same main focal length. > 

The other antenna design chosen as an example in- 
corporates a twist-reflecting main dish and a transre- 
flecting sub dish, such that the sub dish creates no aper- 
ture blocking, as illustrated in Fig. 12. The equivalent 
focal length of this antenna is designed to be just long 
enough so that a monopulse feed system can be em- 
ployed in a size just large enough to utilize a simple 
cluster of four horns as the feed. The complicated mono- 
pulse plumbing is located in a convenient region behind 
the antenna. 

The patterns of this antenna are shown in Fig. 17 for 
the sum and one difference channel. Also indicated are 
the computed points, determined from a knowledge of 
the feed pattern, and including a contribution from 
aperture blocking by the feed. The close correspondence 
between the two patterns is evident. Similar good agree- 
ment exists in the other properties of this antenna. The 
efficiency® of 54 per cent in the sum pattern is rather 
high for a monopulse system; this is a result of the 
inherent advantage of a Cassegrain system with a long 
equivalent focal length and very small aperture block- 
ing. All of the above results confirm the nearly loss- 
less behavior of the polarization-twisting technique and 
the surface designs of Fig. 14. While the twisting type 
of antenna requires additional effort during design and 
construction of the polarization-operative surfaces, it 
has proven practical to build in large quantities, and 
has yielded the expected good performance in the field. 


VII. BENEFITS OF CASSEGRAIN SYSTEMS 


In concluding the discussion of Cassegrain optics ap- 
plied to microwave antennas, it is appropriate to out- 
line some of the benefits obtainable. Perhaps most im- 
portant is the ability to place the feed in a convenient 
position, while utilizing reflectors as the focusing ele- 
ments. The rear location and forward direction for the 
feed are most desirable in various applications involv- 
ing complicated feeds and associated plumbing. 

One example of. this advantage occurs in the case of 
an antenna intended for low-noise operation, as illus- 
trated in Fig. 18. At present, a low-noise receiver is 
likely to be bulky and require a number of auxiliary 
connections as well as occasional adjustments; it is 
therefore inconvenient to mount it close’to the feed out 
in front of a single-reflector antenna. Yet this is often 
done, because the attenuation in a waveguide from the 
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Fig. 17—Radiation patterns of a twisting Cassegrain. 
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feed back to a receiver located behind the dish would 


_ introduce an excessive amount of noise power. The 


Cassegrain system furnishes the opportunity to avoid 
most of these difficulties. 

There is another benefit obtainable with the Casse- 
grain system in a low-noise application. With the ordi- 
nary single-reflector antenna, there is usually a consid- 


erable amount of wide-angle sidelobe response caused 


by spillover radiation from the small feed out in front. 
This may introduce a very substantial amount of noise 
power into the antenna, by coupling to the radiation 
from the warm ground. In the case of a Cassegrain an- 


_ tenna, spillover radiation from the virtual feed can be 


very much less. This is because of the essentially ray- 
optic behavior of reflection from the sub dish, which re- 


sults from its relatively large diameter in wavelengths. 


There remains to be considered, of course, spillover from 
the real feed past the edge of the sub dish. Although the 
total amount of this spillover power may be comparable 
with that in a single-reflector antenna, it is likely to be 


- confined to direction relatively close to the antenna 


axis. There is also to be considered the sidelobe radia- 
tion created by the aperture blocking by the sub dish; 
here again, this is usually appreciable only in forward 
directions. As a result of these directional properties, the 
spillover and aperture blocking couple to the ground 
only when the antenna is pointed at a low elevation 
angle. In comparison, the ordinary single-reflector an- 


’ tenna is likely to have appreciable coupling to the 


ground even at high elevation angles. 

It is possible in the case of a polarization-twisting 
Cassegrain system to reduce even this relatively narrow- 
angle sidelobe response. Fig. 19 illustrates this effect, for 
the scheme which involves a twistreflector at the main 


dish and a transreflector at the sub dish. Since the feed 


is horizontally polarized, it is essentially isolated from 
any vertically-polarized source, such as the normal 
ground reflection of the incoming wave, or one com- 
ponent of thermal ground radiation. If the transre- 
flector is extended from the sub dish to the main dish in 


Hannan: Microwave Antennas Derived from the Cassegrain Telescope 


151 
AVOIDANCE OF NOISE 


FROM LOSS OF FEED LINE 


REDUCTION OF NOISE 
FROM COUPLING TO 


ier 
z \& 
a x a 
\ ES 


GROUND VIA 
SPILLOVER BY 
LOW - NOISE Ne FEED 
RECEIVER ) \ SS a 
NX 
\ 
\ 
\ 


Fig. 18—Simple Cassegrain antenna for low-noise applications. 
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Fig. 19—Twisting Cassegrain antenna for further 
reduction of coupling to ground. 


the lower portion of the antenna, isolation may also be 
achieved for the other polarization. Such an antenna, 
then, has effectively only those sidelobes which would 
be inherent in the illumination distribution of its main 
aperture. As a result, the antenna could provide accu- 
rate tracking of a target, as well as low-noise perform- 
ance, down to elevation angles determined only by the 
decay rate of the inherent sidelobes. 

In continuing the outline of benefits obtainable with a 
Cassegrain system, mention can be made of the ability 
to obtain an equivalent focal length much greater than 
the physical length; as discussed previously in this 
paper, various advantages may be obtained in this way. 
A third aspect is the capability for scanning or broaden- 
ing the beam by moving one of the antenna surfaces. 
One case involving a small moving sub dish has been de- 
scribed here; there have also been designs utilizing a 
moving flat main dish for wide-angle scanning [15], [17]. 

The existence of two dishes and two focal points in 
the Cassegrain system gives rise to interesting methods 
for incorporating the separate functions of two antennas 
into one structure. On the left side of Fig. 20 a simple 
scheme is shown which provides a full-size plus a re- 
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Fig. 20—Dual antennas, blocking sub dishes. 
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Fig. 21—Dual antennas, non-blocking sub dishes. 


duced-size antenna combination, while on the right side 
there is illustrated a scheme for obtaining two full-size 
antennas having crossed polarizations. In both of these 
cases, the sub dish causes some blocking of one of the 
two apertures. On the left side of Fig. 21 an alternate 
scheme is shown for obtaining two full-size antennas 
having crossed polarizations; here, the polarization- 
twisting process eliminates any blocking by the sub dish. 
On the right side of Fig. 21, a scheme is indicated 
whereby two full-size antennas are obtained having the 
same polarization but operating at different frequencies, 
without any blocking by the sub dish. This case relies 
on a surface design for the main dish which is a twist- 
reflector at one frequency and an ordinary reflector at 
the other frequency. 


VIII. ConcLusIon 


To summarize the discussion of the principles and 
features of Cassegrain antennas, it has been shown that 
a simple set of formulas describe a number of forms, and 
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that the essential performance can be calculated by . 


means of simple equivalence concepts. The basic defect, 
aperture blocking by the sub dish, can be minimized or 
virtually eliminated by certain techniques. The Casse- 
grain system has proven both practical and advanta- 
geous in a number of operational antennas, and the tested 
performance has agreed closely with the computed pre- 
dictions. A variety of benefits are obtainable with the 
Cassegrain system, and it provides a highly versatile 


M ark ( | 


. 


form of microwave antenna capable of achieving good | 


performance in a number of unusual applications. The 
second reflecting surface which is available in this sys- 
tem provides an extra degree of freedom to the antenna 
designer for application to his particular problem. 


IX. SyMBOLS 


D,=effective diameter of circular main dish (to 
edge rays). 
D,=effective diameter of circular sub dish (to 
edge rays). 
D,' =blocking diameter of sub dish. 
D;=diameter of feed. ; 
D,=diameter of aperture blocking. 
Dy min = diameter of aperture blocking for minimum- 
blocking geometry. 
F,,=focal length of main dish. 
F, = distance between foci of sub dish. 
F,=equivalent focal length of Cassegrain system. 
L,=distance from virtual focus (or main dish 
focus) to sub dish. 
L,= distance from real focus (or feed) to sub dish. 
o,=angle between axis and edge ray, at virtual 
focus. 
¢, = angle between axis and edge ray, at real focus. 


2¢,=included angle between rays from real focus 


to physical edges of sub dish, in radians. 
2@;=included angle between rays from virtual 
focus to edges of feed, in radians. 
e=eccentricity of conic section. 
a= transverse half-axis of conic section. 
b=conjugate half-axis of conic section. 
Xm) ¥m=cCoordinates of main dish (axial, radial). 
Xs, Ys =coordinates of sub dish (axial, radial). 
Xe, Ye=coordinates of equivalent parabola (axial, 
radial). 
\=wavelength. 
f=frequency. 
k=ratio of effective diameter to blocking di- 
ameter of the feed. 
@=antenna pattern angle, in radians. 
20,/2=half-power beamwidth of antenna, in radians. 
E=pattern voltage. 
E,=peak voltage of the supplemental negative 
pattern caused by aperture blocking. 
E,, = peak voltage of the pattern of the main aper. 
ture without blocking. 
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curred to C. A. Cochrane [14] of Elliott Brothers, London. 
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Telephone Laboratories. 

The use of thin wires in fiberglass for the polarization- 
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been perceived and utilized by the Ryan Aeronautical 
Co., and the second by both Sperry Gyroscope Co., and 
Melpar, Inc. 
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Multiple Beams from Linear Arrays* 


J. P. SHELTON}, memBer, IRE AND K. S. KELLEHERY, SENIOR MEMBER, IRE 


Summary—The problem of devising a passive RF transmission 
line feed system to provide independent multiple outputs from a lin- 
ear array is considered. It is shown that a lossless, matched feed 
network is possible only for uniform aperture distribution. The gen- 
eral feed system for connecting 2” inputs to 2” elements is shown to 
consist of conventional hybrid junctions with associated phase 
shifters. In order to increase the possible number of elements in the 
array, the problem of finding applicable junctions more complex than 
the hybrid is considered. Junctions with three inputs and three out- 
puts and with four inputs ond four outputs are derived for use in mul- 
tiple feed networks, expanding the number of elements in the array 
to 2! 3” 4”, 


I. INTRODUCTION 


HE array-type antenna was in use many years 

before adoption of the microwave optics tech- 

niques for forming directive beams. However, it 
had only a limited number of elements and seldom, 
if ever, produced more than a single directive beam 
simultaneously. The microwave optics techniques, on 
the other hand, provided capability for large aper- 
tures and were adaptable to producing multiple beams. 
Since, in many applications, the array has advantages 
over the microwave optics counterpart, it is desirable to 
develop techniques permitting the use of a large number 
of array elements and providing multiple beams from 
such an array. 

The microwave optics systems were those capable of 
yielding wide-angle performance. The inputs to this 
system were simple feed horns. Many different tech- 
niques were employed. The early units consisted of 
parabolic reflectors with large F/D ratios. Later work 
involved Schmidt systems, Luneberg lenses and the 
parabolic torus reflector. 

In all of the systems, with the exception of the Lune- 
berg lens, some phase error existed in the apertures 
forming the majority of the beams. In general, the wide- 
angle capability of the system or the number of multiple 
beams that the system could produce was limited by 
this inherent phase error. Since the Luneberg lens 
showed the most promise, it was found that this struc- 
ture, or some related configuration, would be most de- 
sirable for achieving multiple beams. 

It is well known that all microwave optics structures 
employ a feed and focusing objective. In such a system, 
inefficiency is introduced due to spillover of energy from 
the feed which is not captured by the objective. A more 


* Received by the PGAP, March 25, 1960; revised manuscript 
received, July 27, 1960. The research was sponsored by the Elec- 
tronics Research Directorate of the Air Force Cambridge Re- 
search Center, Air Research and Development Command, under 
contract AF19(604)-5217. 

+ Radiation Systems, Inc., Alexandria, Va. Formerly with AGA 
Corp., Alexandria, Va. 
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serious problem is a decreased aperture efficiency, due 
to the requirement that the multiple beams cross over at 
a very high level. If levels as high as 3 db are required, 
problems in isolation among the various elements are 
introduced. This is particularly severe with regard to the 
isolation between an element and its neighbors. Varia- 
tions in the impedance match in neighboring feeds can 
drastically affect the radiated beam associated with a 
given feed. 

Considerations of efficiency, beam overlap, and ele- 
ment isolation indicate the difficulties that are en- 
countered in obtaining a microwave optics system pro- 
ducing multiple beams. Since the work done on obtain- 
ing multiple beams from an array has, to the greatest 
extent, involved complex feed structures employing ac- 
tive elements, it is desirable to consider the problem 
anew and to determine how this might be achieved en- 
tirely with a passive transmission-line network, so that 
the antenna system is capable of both transmitting and 
receiving with a minimum of complexity. 

This paper is organized into four major divisions. The 
first one, Section II, is concerned with the possible pat- 
tern characteristics of a set of beams from a linear array. 
It is found that, for uniform amplitude distribution, the 
best configuration achieves one input and beam posi- 
tion for each element of the array. The same relation- 
ship is shown to hold for aperture distributions other 
than uniform. In Section III, the limitations on the feed 
network are established and it is found that the only 
lossless feed system is the one for uniform illumination. 
In Section IV, the details of the hybrid feed networks 
are presented, and a table presents the possible array 
sizes. Finally, the design of the ‘more complex hybrids 
that can be used is treated in the appendices. 

Research on multiple-beam arrays is in progress at 
the W. L. Maxson Corporation with significant results.! 
The approach used, however, although simpler in ge- 
ometry, consists basically of traveling-wave arrays and 
is inherently somewhat inefficient. The purpose of this 
paper is to explore the fundamental limitations on mul- 
tiple-feed systems before giving detailed attention to de- 
sign aspects. 


II. MuLTIpLE-BEAM PATTERN CHARACTERISTICS 


Before the problem of realizing the multiple-feed sys- 
tem is considered, it is necessary to evaluate the multi- 
ple-beam radiation pattern characteristics that are at- 


‘M. Carroll, W. Kahn, and E. Shubel, “Multidirectional Beam 
Scanning Antenna Array—First Interim Report,” prepared for 
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tainable from a linear array. It would be desirable to 
find the relationships among beam spacing and aper- 
ture distribution with its associated aperture efficiency, 
beamwidth, and sidelobe level. 

The desirable feed network would be one in which the 
array attains maximum effective aperture for every 
angle of incidence; that is, the feed system would be 
matched as seen from both the inputs and from the ele- 
ments. 

The problem of beam spacing is best approached by 
considering the case of the uniform distribution, a typi- 
cal array factor of which is shown in Fig. 1 for a six- 
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_ Fig. 1—Overlapping array factors for uniform six-element array. 


(a) Outermost beam split evenly. (b) Outermost beams split at 
crossover points. 


element array. Array or space factors are expressed in 
terms of y, the relative phase at adjacent elements for 
an incident wave, which can easily be converted to angle 
in any specific application with the equation y = (27d/n) 
sin 0, where d is element spacing and 6 is angle relative to 
the normal to the array. It can be seen that the nulls are 
evenly spaced, so that six beams can be overlapped 
without repetition, the maxima being located at the 
nulls of the other beams. Any other arrangement of the 
beams or a greater number of beams would mean re- 
duced aperture efficiency, since the maximum gain of a 
given beam would be reduced by the absorption of en- 
ergy by other beams. On this basis there should be one 
beam for each element of the array, and the beams are 
spaced 27/N in y, where N is the number of elements. 

On this basis, the required phase relationships are as 
shown below. For six elements, the successive element 
phases are seen to be +30°, +90°, + 150°. 


Element | 1 2 3 4 5 al Mec | 
Phase | 0° | + 30°] + 60°| + 90°| +120°| +150°| 3 and 4 
~ | 9° | + 90°| +180°| +270°| +360°| +450°| 2 and 5 

0° | +150°| +300°| +450°| +600°| +750°| 1 and 6 
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The question now is whether it is possible to use the 
same beam positions for aperture amplitude distribu- 
tions other than uniform. The most general case is the 
one in which the element distribution is in phase but the 
amplitudes are arbitrary. If the amplitudes are denoted 
by ai, @2, - - + , ay, the distribution can be broken down 
into even and odd components, the even distribution 
being 


a+ ay @2+ ay-1 3+ ay_2 
; whae 
2 med 2 
and the odd being 
pe tee ON 2G ON en te ees 
pag pres 2 


The array factors can be written 
EW) = (a1 + ay) cos (N — 1)p/2 
+ (a2 + ay_1) cos (NW — 3)p/2+--- 
jEo(Y) = (a1 — ay) sin (NV — 1)p/2 
+ (@2 — ays) sin (NV — 3)p/2+'---. 


Since the even and odd array factors are in phase quad- 
rature, the power pattern can be written as the sum of 
their squares, 


Py) = Eb) + Eo), 

E(w) = (a1 + ay)? cos? (N — 1)y/2 
+ 2(a1 + ay) (a2 + ay—1) cos (N — 1)y/2 
-cos (NV — 3)p/2 + (a2 + an-1)? 
Co CU cl) 2 ie a aa 

E,?(p) = (a1 — ay)? sin? (N — 1)yp/2 
+ 2(a; — an) (a2 — ay—1) sin (N — 1)y/2 
«sin (NV — 3)W/2 + (a2 — an-1)? 
SU Cl =.) 2, hee a 


Straightforward trigonometric manipulation yields 
expressions of the following form: 


: 2 = —l 2 
Ey) = (a1 + ay) ny (a an—1) 


2 2 


+ b,cos(N — 1) + bo cos(N — 2)W+-:-:- 


Cee 


+ c1cos(N — 1)W + c2cos(N — 2)W+---. 
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Thus, the power pattern assumes the form 
Pip) = ay? + ay? + ++ + ay? 
+d, cos (N —1)W+d2cos(N—2)W+---. (1) 


As one shifts from beam to beam, the variable y used 
in the above equations is altered by the appropriate 
phase, which may be written m@¢, where m assumes in- 
tegral values from one to the total number of beams 
(not necessarily equal to the number of elements JV). 
In order to insure a generally symmetrical phase dis- 
tribution and beam coverage, ¢=27/M. For optimum 
coverage by the array, it is required that 


M 
>> P(,m) = constant. 
re Il 


Referring to (1) and inserting the appropriate phases, 
the expression for the total power radiated in a direc- 
tion y by all beams can be written, 


M 


>> PW, m) = M(a2+ a2+ -- 


m=1 


s ay”) 


M. QT 
dy = es 
Eade coe Oy »(v +m) 


m=1 


a Qa 
+ d2 >> cos (N — 2) (v +m) 


m=1 


rs % cos(y +m). (2) 


m=1 M 


Now, the periods of y in the arguments, (V—1)y, 
(N—2)p,---,in (2) are 27/N—1, 207/N—2,---, 2, 
while the change in the variable y introduced by travers- 
ing from one beam to another is 27/M. If the period 
coincides with the change in w for any of the terms in 
(2), then the sum for that term will be nonzero and a 
function of y. For example, if M=N—1, 


5; cos [(V — 1)) + m2xr| = (N — 1) cos [(N — 1)y], 
but if M=N, 


Eo[o-v(¢+ai]-o 


Thus, the number of beams, M, cannot fall in the range 
one through N—1, and must assume a value of at least 
N, the number of elements in the array. As was the case 
with the uniform array, a value of M greater than N 
does not improve the coverage of the system but merely 
reduces the maximum possible gain of each beam 
through increased beam overlap. It is, therefore, seen 
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that the number of beams is independent of the illu- 
mination. 

It is interesting to note that, as the sidelobes are re- 
duced and the beamwidth broadens, the beam crossover 


level becomes higher for two reasons. First, the aperture 


efficiency of the individual beam decreases, so that rela- 
tive crossover can easily increase. Second, the lower 
sidelobe characteristic results in less received energy 
distributed to other inputs, so that the absolute cross- 
over can also be expected to increase some before too 
much gain is lost. : 


III. Lrm1TATIONS ON THE FEED NETWORK 


The previous discussion had as its starting point the 
assumption of a given aperture distribution, with ap- 
propriate phase characteristics for the multiple-beam 
radiation pattern coverage. No consideration was given 
to the realizability of the network required to connect 
the array elements with the inputs so as to provide the 
assumed aperture distributions. 

A diagram of the network inputs and outputsis 
shown in Fig. 2. If it is required that the transmission 


OUTPUTS 


INPUTS TO ARRAY 


1 Nt! 
2 N+2 
3 N43 
4 N+4 
5 NtS 
6 


N+6 


Fig. 2—General 2N-port network for multiple-beam application. 


loss from an input to the outputs to the elements be 
zero and that the inputs be isolated from one another, 
the scattering matrix is of the following form: 


0 uae at Sr Nene tS 0 en 
_0 0 [>Sw N+1 Sw on 
Sw4i1 NGL | 0 0 

i | 
Son 1°°:* Sen wn | 0 -+- QO 


The upper left quadrant indicates that the inputs are 
matched and isolated. The upper right and lower left 
quadrants represent transmission coefficients between 
the inputs and outputs, and the lower right quadrant is 
the reflection and transmission coefficients among the 
outputs to the array, as yet undetermined, but assumed 
to be 0. 

It has recently been pointed out that the length (the 
sum of the squares of the magnitudes) of any row or 
column of a scattering matrix must be less than or equal 


March | 


: 
| 
. 


aY° at 


Ee Ce ee ee eS ee 


1961 


to unity.” In view of this limitation, the maximum trans- 
fer coefficient for amplitude distributions differing only 


_ in phase is given by 


Bren y Sage eset 


N 
ds | Sev 
b=1 


| Sus| <1/VN. (3) 


Since | some transfer coefficients must be greater than 
1/-/N in a tapered distribution, (3) forces the conclu- 
sion that any tapered distribution is achieved only at 


_ the expense of net transmission loss from inputs to out- 
_ puts. Thus, the feed system for uniform illumination is 


the only lossless one, so far as achieving maximum array 
efficiency is concerned. 
Of course, if the feed system were to have fewer inputs 


_ than the number of elements in the array, (3) would be 


altered to read 


Kan UAVs Pleo 


where P is the number of inputs. In this event, the con- 
clusion of Section II, that the number of beams is equal 
to the number of elements, would be violated. 

Although it appears that efficient feed networks giv- 
ing tapered illuminations may be realized at the expense 
of over-all beam coverage, such possibilities will not be 
further investigated at this time, and the following sec- 


_ tions are devoted to feed networks connecting JN inputs 


to N elements with uniform illumination. 


IV. SYNTHESIS OF MULTIPLE-FEED NETWORKS 


The required microwave network has 2N ports and is 
matched at all ports. The NV outputs on one side of the 
network that are excited by any of the NV inputs on the 
other side possess a progressive phase characteristic that 
is a function of the input. 

The first step is to determine just what phase char- 
acteristic is required. It is possible to select any 360° 
portion of the y coordinate in which to place the beams. 
Referring to Fig. 1, the problem can be reduced to 
whether a beam maximum or a crossover point should 
be located at Y=0. If the feed system is to be symmetri- 
cal, it is preferable to locate the beams symmetrically, 
with a crossover point at zero. On the other hand, such 
an arrangement results in excessive backlobes from the 
outermost beams due to the second-order maximum 
which is beginning to form. These two beams can be dis- 


_carded, or if the patterns were shifted so that one is lo- 


cated at Y=0° and one at Y= +180° with a beam split 
between the edges of the coverage region, then only the 
split pattern need be discarded. These problems can best 
be dealt with, when the practical design is undertaken. 
For present purposes, it is best to locate the beams with 


2 L. Joseph and W. K. Saunders, “A theorem on lossy nonrecipro- 
cal n-port junctions,” Proc. IRE, vol. 47, p. 102; January, 1959. 
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the symmetry corresponding to that expected of the 
multiple-feed network. 

The solution will be shown to depend upon building 
blocks, the simplest of which is the hybrid junction. The 
hybrid junction is a building block because it can pro- 
vide two overlapping beams from a two-element array, 
as shown in Fig. 3. It should be noted that there are 


°° ~30? 


INPUT 


Fig. 3—Operation of hybrid coupler. 


various configurations which provide hybrid operation. 
Hybrids that rely on symmetry, such as the magic tee 
hybrid, have in-phase and out-of-phase outputs. Direc- 
tional-coupler hybrids have outputs that are 90° out of 
phase. Some couplers give a phase lag to the coupled 
arm and some a phase lead. In the following discussion 
the hybrid junction is a phase-lag coupler. Similar tech- 
niques would be applicable for use with the other com- 
ponents. 

A single hybrid junction supplies rudimentary mul- 
tiple-beam operation from a two-element array. The 
significance of the element, however, lies in its use as a 
building block for arrays with more elements and beams. 
Figs. 4 and 5 indicate feed systems for four and eight 
elements, respectively, and the pattern for extending the 
number to any power of two is clear. The critical aspects 
of the arrangements are the interconnections among the 
hybrids and to the elements and the added phase shifts. 
All transmission lines in a given cross section are as- 
sumed equal in length except for the phase shifters. 

The principal limitation on the use of hybrids is the 
restriction of the number of elements to powers of two. 
The alternative to this difficulty would be to find more 
building blocks. The next larger building block would be 
one in which three inputs and outputs are connected so 
that three beams could be obtained from a three-ele- 
ment array. This case is treated in Appendix I, and such 
a component consists of three lines equally coupled to 
one another so as to effect equal power division, fol- 
lowed by a 120° phase shifter on the output that will 
feed the central element. 

An additional limitation on the use of small building 
blocks is the great number that are required to feed 
large arrays. For this reason, a network of four inputs 
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Fig. 4—Four-element feed system. 
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Fig. 5—Eight-element feed system. 


and four outputs is desirable, although it does not intro- 
duce any further flexibility in the number of elements. 
The derivation for such a junction is given in Appendix 
II. a. 

Listed in Table I are the arrays with elements up to 
the number 128 that are available, with information on 
the number of hybrids required. 

An example of how the different types of junctions are 
used to feed an array of 24 elements is shown in Fig. 6. 


V. CONCLUSIONS 


It has been shown that maximum space coverage is 
obtained by feeding an array of N elements with N 
feeds to provide N beams. Maximum efficiency is ob- 
tained by uniform illumination of all elements by all 
inputs; in fact, any illumination other than uniform, 
under the condition of maximum space coverage, is ob- 
tained only at the expense of transmission loss through 
the feed network. 
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TABLE I 
RELATIONSHIP BETWEEN INPUTS AND JUNCTIONS 
Number of Dx? 3X3 | 4X4 Total 
Elements l m nN Hy- | Junc- | Junc- Junc- 
N=2! 3m 4" brids | tions | tions | tions 

, 1 0 0 1 0 0 1 

ab Y 0 1 0 0 1 0 1 

4 0 0 1 0 0 0 1 

6 1 1 0 3 2 0 5 

8 1 0 1 4 0 2 6 

9 0 8) 0 0 6 0 6 

12 0 1 1 0 4. 3 if 

16 0 0 2 0 0 “8 8 

18 1 2 0 9 12 0 21 

24 1 1 1 12 8 6 26 

27 0 3 0 0 27 0 27 

32 1 0 2 16 0 16 32 

36 0 2 1 0 24 9 33 

48 0 1 2 0 16 24 40 

54 1 3 0 27 54 0 81 

64 0 0 3 0 0 48 48 

72 1 2 1 36 48 18 102 

81 0 4 0 0 108 0 108 

96 1 1 2 48 32 48 128 
108 0 3 1 0 108 oe} 135 
128 1 0 3 64 0 96 160 


ae fe a | et, | aa | ied ea 
eS 


Fig. 6—24-element system using three types of junctions. 


Methods for synthesizing multiple-feed networks 
from building block junctions have been indicated. The 
simplest building block is the hybrid junction, and two 
other more complex junctions have been derived. At this 
point the number of beams is limited to NV = 2!34", 

Although the geometrical shape factor of the feed 
systems is somewhat complicated by overlapping lines, 
it is felt that this type of system represents an optimum 
case. Further study is indicated on modifications in this 
approach to allow reduction in space coverage or greater 
pattern control at the expense of reduced efficiency. 


APPENDIX I[ 


S1x-Port JUNCTION For MULTIPLE-FEED ARRAYS 


No systematic design procedure was used in deriving 
the designs for the six-port and eight-port junctions. In 
this appendix some of the considerations involved in 
finding networks to match the desired scattering ma- 
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trices are given. The scattering matrices for six- and eight-port junctions are as follows: 


(@) 0) @) e7 (21/3) 1 ei @n/3) 
0 0 0 1 1 1 
1/3 ae O =e F@r/3) 4 gi(2n/8) 
ef (24/3) 1 e771 (27/3) 0 0 0 
1 1 1 0 0 0 
ef(27/3) 4 gi (2/8) 0 0 0 
0) 0) (@) 0 e/ (9/8) ef (87/8) e 18/8) g—7 (97/8) 
@) 0 0 0 e/ (8/8) ef (/8) e771 (m/8) E77 (8r/8) 
O 0) (@) (@) e 4 (8r/8) pi (/8) ef (r/8) e7 (34/8) 
O O O O e721 (9r/8) 9-7 (80/8) e7 (34/8) ef (9/8) 
a2 e7 (97/8) ef (8/8) ef (9r/8) — g—7 (9/8) (@) 0 0 0 
e7 (87/8) ef (r/8) ef r/8) e— 7 Br/8) 0 (0) 0 0 
ef (3/8) g—7(r/8) ef (r/8) e) (31/8) 0 0 0 0 
e@7(97/8) — g—7(8r/8) pi (87/8) e7 (9/8) 0 0 0 0 


The form of the scattering matrices suggests the use 
of parallel-coupled transmission lines.* If a set of parallel 
coupled transmission lines is used, with all inputs on 
one side and outputs on the other, the requirements for 
match and isolation are automatically met. The sim- 
plest procedure is to find configurations that divide the 
input energy equally among all outputs, and then to 
try to arrive at proper phase outputs through trial and 
error. 

Before the possible configurations are analyzed, it is 
worthwhile to consider the various types of coupling 
mechanisms. Shown in Fig. 7 are branch coupling, wave- 
guide narrow-wall and broad-wall coupling. The normal 
modes are the same for all cases, even and odd, but the 
coupling characteristics yield different propagation con- 
stants for the modes. The following coupling relation- 
ships are deduced: 


BE; = Bol + ck 
BE, = Boi + c(E2+ Fi) for side-wall coupling 


for branch coupling 


BE; = BoE. + c(E2 — £i) for broad-wall coupling, 


where 
B is the phase constant, 27/2, in the coupled region 
By is the phase constant in uncoupled transmission 
line 
c is the coupling coefficient 
E, and £, are the voltages on the two lines. 


In conventional transmission-line analysis, the wave 


equation is 


3]. P. Shelton, Jr., “Multiple-line directional couplers,” 1957 
IRE NationaL CONVENTION RECORD, pt. 1, pp. 254-262. 


CONFIGURATION NORMAL MODES PROPAGATION CONS1-...~ 


+l Hl A=By+c 
+1, 1 B*By+c 
CENTER CONDUCTOR 
r OF TEM LINE 
' ' +I, +1 B= 4 + 2c 
(Ses ects +i, -I AxB,- 
END VIEW OF COUPLED z 
GUIDES 
+l, +1 BB 
+1 -l A=B,+2c 


END VIEW OF COUPLED 
GUIDES 


Fig. 7—Various types of coupling mechanisms. 


Assuming a time dependence, e”', the equation simpli- 
fies to 


= — BE. 


If the propagation is limited to one direction, further 
simplification to 
OE 


— =73E 
a jB 


is achieved, and the following analysis is based upon 
this relationship. 

If the network of Fig. 8 is assumed, in which the input 
line is coupled to VN —1 other lines, it is of interest to de- 
termine the limitation on N for equal energy division 
among all outputs. The propagation constant matrix is 


160 
found to be, for broad-wall coupling,’ 
Bo-B+(N—-1)e —-c —¢ —c:ce 
me Bo—B+e 0 0 
0 i) Bo—B+e 0 
—¢ 0 0 bo Poe 


— —— 


END VIEW OF COUPLED TRANSMISSION LINES 


Fig. 8—Case for N—1 lines coupled to input line. 


Since, for input at A, all other outputs are identical 
in amplitude and phase, it is possible to reduce the 
matrix to 


Gee has 


AG: 


ice 
Bo—- Bc) 


Solution of the equation formed by setting the deter- 
minant of the propagation matrix equal to zero, 


(Bo — 8)? + (Bo — B)Ne = 0, 


yields the two normal mode constants for the simplified 
system, 


Bo -8B=0 
6o—8B+ Ne =0. 


The normal modes are found to be 


Ey Es for B = Bo 


iy = (N = 1) E» for 


B = Bo — Ne. 


For an initial input amplitude £,=N, EF, through 
Ey =0, it is found that the outputs are 


I 


Ey (N aa 1) + eiNex 


Eo - >> By =e Nez — { 


where x is the length of the coupling region. Since the 
total input power is NV, the output power in each arm 
must be JN, and the output amplitudes are /J. 

It is seen that the output amplitude for the coupled 
lines is, with the exception of phase, 2 sin Ncx/2. Thus, 
the condition for achieving equal power division is 


Nex 


=v N, 


2 sin 
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For 
N =2, cx = 1/4 
N = 3, cx = 22/9 
N =4, cx = 1/4. 


For N<4, the condition cannot be satisfied since the 
sine function is limited to unity and »/N becomes 
greater than two; it is, therefore, seen that the arrange- 
ment of Fig. 8 is limited to four lines. E, 

If three lines are all coupled by an amount ¢x = 27/9, 
as shown in Fig. 9, the relative phases of the outputs are 


1 2 3 
Input at 1 OF +120° +120° 
Input at 2 +120° 0° +120° 
Input at 3 +120° +120° 0° 


120° PHASE SHIFTER 


COUPLING REGION 


Fig. 9—Three-line junction for multiple-feed arrays. 


If a phase shift of +120° is introduced into the output 
of line 2, the relative phases become 


1 2 3 
Input at 1 02 —120° —240° 
Input at 2 0° 0° (Oh 
Input at 3 — 240° —1205 0° 


and this is desired phase relationship. 

It can be shown that the other two types of coupling 
mechanisms can be used to realize the same type of net- 
work, except that the required added phase shift may be 
positive or negative, depending on the type of coupling. 


APPENDIX II 


Four-INpuT Four-OuTPuT JUNCTION FoR 
MULTIPLE-FEED ARRAYS 


The two coupling configurations shown in Fig. 10 can 
be shown to give equal output amplitudes for coupling 
regions having cx=7/4. The phase relationship of the 
outputs for input at line 1 is 


1 z 3 4 
Case A 0° = &P = 90° —180° 
Case B (i ea lSOs — 180° —180° 
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COUPLING REGIONS 
Cxew/4 


3 4 


TRANSMISSION LINES 


CASE A 


INPUT 


CASE B 


Fig. 10—Coupling configurations for equal power 
division with four lines. 


It is impossible to achieve the required phase charac- 
teristics using only one coupling configuration. The net- 
work of Fig. 11 combines both types and gives the fol- 
lowing phases: 


1 2 3 4 
Input at 1 0° — 90° — 90° —180° 
Input at 1 —180° 0° —180° —180° 
Input at 3 — 180° —180° 0° — 180° 
Input at 4 —180° — 90° — 90° 0° 


If the outputs are rearranged as shown and the indicated 
phase shifts are added, the resultant behavior provides 
multiple-feed capability. 
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1 2 4 3 

‘Added phase shift 0° 7 eae eee 
Input at 1 0° 293954 's\) Y270% 4 405° 
Input at 2 0° Bias | -b-270" | 408° 
Input at 3 0° — 45° — 90° —135° 
Minos a4 0° as? | 90° -| 4135" 
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° 
+45 PHASE SHIFT 


4 2 


— 90° PHASE SHIFT = 45°PHASE SHIFT 


Fig, 11—Four-line network with multiple-feed capability. 


It will be noted that a lagging phase shift has been as- 
sumed in this case. The reason is that the two coupling 
arrangements of Fig. 10 may be combined so that they 
operate essentially independently. That is, for an input 
to line 1, lines 2 and 3 are uncoupled, and for an input to 
line 2, lines 1, 3 and 4 are uncoupled. This is achieved 
only for difference coupling, for which the coupling term 
is of the form c(H2—£,), so that when the amplitudes 
are the same, the coupling is zero. 

Differénce coupling is characteristic of broad-wall 
connection between waveguides. It can be obtained 
with branch networks only at the expense of an awkward 
increase in complexity. Some of the possible waveguide 
cross sections for the three-line junction and the two 
cross sections for a four-line junction are shown in Fig. 
12: 


ajo Ase, ie 


(a) 


Bit lea 
(b) 


Fig. 12—Allowable waveguide arrangements for couplers of three and 
four lines. (a) Waveguide orientations for three-line couplers. 
(b) Orientations for four-line coupler. 
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A New Technique for Electronic Scanning* 


H. E. SHANKSt 


Summary—The concept of time-modulated antennas has re- 
cently been demonstrated as a means of overcoming many of the 
limitations currently restricting advances in the antenna art. Of spe- 
cial importance is the mathematical possibility of generating a pat- 
tern complex capable of providing simultaneous scan operation. This 
characteristic is realized by periodic time modulation of the aperture 
distribution. This paper discusses the theory of simultaneous “scan- 
ning” using time modulation techniques and shows that the required 
pattern complex is generated by a progressive-pulse aperture excita- 
tion. The fundamental equations and relationships concerning the 
form of pulse excitation and “scanning” coverage are derived. In 
addition, practical methods of physically generating the proper pulse- 
excited aperture are described, and the necessary detection require- 
ments are delineated. 


INTRODUCTION 
(\r of the most desirable features of modern 


radar. systems is the capability of performing 

beam scanning by electronic methods. As a re- 
sult, a considerable amount of effort has been expended 
in the investigation of methods for electronic scanning 
of antenna systems. Techniques which have been 
studied in this connection include frequency variation, 
phase shift scan (ferrites, TWT’s, delay lines, etc.), and 
in a minor way, the ideas of space time equivalence. In 
spite of these investigations, a system which realizes the 
optimum objectives in terms of simplicity, reliability 
and versatility has yet to be devised. In a recent paper, 
the application of time domain techniques to antenna 
systems was described, and in a preliminary way shown 
to provide a means for quasi-electronic scanning. It is 
the purpose of this paper to elaborate on this applica- 
tion and to demonstrate the practical nature of this 
method of electronic “scanning.” 

The basic philosophy of time domain antennas is 
centered around the recognition that if some parameter 
of an antenna (length, shape, aperture excitation, etc.) 
is modulated in a periodic manner, the time varying 
radiation pattern can be written in one form as 


g(0,t) = A { bo(A) + 61(8) cos wot 


+ 62(6) cos 2wot + +++ fei; (1) 


where the 0,(6) are in general different spatial dependent 
patterns, wo is the modulation frequency and it is as- 
sumed that wow. Because of the independent nature 
of the w» harmonics, each term in the series can be inde- 
pendently detected to provide a series of signals, each 


_ * Received by the PGAP, May 16, 1960; revised manuscript re- 
ceived, July 22, 1960. This work was performed while the author 
was with the Hughes Aircraft Co. 

{ American Systems, Inc., Hawthorne, Calif. 
1H. E. Shanks and R. W. Bickmore, “Four-dimensional electro- 
aeeeyetie radiators,” Canad. J. Phys., vol. 37, pp. 263-275; March, 


having different spatial pattern characteristics. For the 
special case in which the spatial patterns are pencil 
beams pointing in different directions, the strength of a 
given harmonic mw» will give a direct indication of the 
presence and strength of a target in the corresponding 
direction. It is this particular characteristic which is of 
importance for electronic “scanning.” 


THEORY OF TIME DomMAIN “SCANNING” 


The basic features of utilizing the time domain 
philosophy to achieve electronic scanning can be seen 
by consideration of a continuously excited linear array. 
Suppose that 2N+1 pencil beams are desired from an 
array of length 2/9, with the spacing between beams of 
the order of 69. In addition, each of these patterns is 
associated (7.e., “tagged”) with a different frequency 
component. In mathematical language, these conditions 
are expressed by 


(6, ‘) = > sin [klo(v — nvo) | 


n=—N 


ef (one) t (2) 
v— nvVo 
where g(6, ¢) is the desired time varying pattern complex, 
wo is the fundamental modulation frequency and v and 
vo are, respectively, sin @ and sin 6. In a practical sys- 
tem, the value of v» and the number of beams, 2N-+1, 
would be chosen to give the desired angular coverage 
and detection accuracy. Examination of (2) gives an ex- 
cellent picture of the scanning mechanism; a target in 
the vicinity of the angular direction myo will be directly 
associated with the frequency nwo. From another view- 
point, (2) represents a frequency spectrum in which the 
upper and lower sideband magnitudes indicate the 
strength of targets in the associated directions. This 
viewpoint, as well as the problem of detecting the indi- 
vidual frequency components, will be discussed more 
fully later. The above pattern characteristics are indi- 
cated in symbolic fashion in Fig. 1. 

The aperture distribution to give the pattern char- 
acteristics of (2) may be found by the application of 
Fourier integral theory. This distribution is 


N 
Te, t) = oy Ire | 


(3) 
ne 
which may be rewritten as 
N 
f(x, t) =1+2 )5 cos n[kvow — wot]. (4) 


n=1 


This expression can be considered as a series of traveling 
amplitude waves moving from left to right along the 
array. Because of the equality of these wave amplitudes, 
the complete sum will resemble an exciting pulse travel- 
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Fig. 1—Graphical illustration of time domain electronic scanning. 


i 


_ ing across the array. As a matter of fact, (4) becomes a 
' traveling Dirac delta function in the limit as No. 

* Thus it is seen that in order to realize the pattern com- 
_ plex of (2), the linear array must be excited progres- 
' sively, a small portion at a time. Because of the choice 
_ ofa finite number of terms in (2), the pulse shape as de- 
_ termined by (4) is not of simple form. The problem of 
_ synthesizing a reasonably simple pulse shape which 
_ achieves a practical distribution will not be discussed at 
_ the present time. Instead, a rectangular pulse excita- 
4 tion will be analyzed and shown to represent the oppo- 
= site extreme in which an infinite number of beams exist. 


“4 RECTANGULAR PULSE EXCITATION 

3 . . 
: As mentioned above, here we disregard the synthesis 
’ problem and assume a pulse shape which is consistent 
_ with state-of-the-art capabilities. The resulting radiation 


complex is then determined to see whether it demon- 
strates scanning capability. For this purpose, a discrete 
array of N elements will be considered. The assumed 
aperture excitation is such that each element is progres- 
sively turned on fora time 7/N and then switched off. 
This excitation cycle is repeated periodically with pe- 
riod T. These conditions are equivalent to a coherent 
rectangular pulse, of width 7/N, traveling down the 
= atray in a time 7. 
4 If the elements are numbered by the symbol m with 
: m=0, 1, 2,--:, N—1, the mth element will be as- 
~ sumed to be turned on with an amplitude A,, during the 
time defined by 


. mT 


+26 oe ar % 
Tk ee 


: ip 
ie 
N 
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This excitation will give rise to a pattern 
g(8, t) = Im (8) e%*; 
mio. md. Mf A L- d 
Parag we cco ) Be sind; | (5) 
N % N C 


where the m(d/c) sin @ term arises because of the dif- 
ferential in time required for the pulse to travel to the 
observation point from a given element. For the array 
under consideration, 


Nim (8) = A meikmd sin ue (6) 


where d is the interelement spacing along the array. 
Because of the periodic nature of the resulting pat- 
tern, it may be expanded in a Fourier series of the form 


SO Dae NOC (7) 


where the coefficients are readily found from 
1 TE 
ful0) = =f gl0, Deriete Pema, (8) 
0 


Substituting (5) and (6) into (8) results in 


N-1 


1 
Fnr(8) me S* Anetkmd sin 8 


m=0 ; 


(m+1) (L'/N)—(md/c) sin 6 
: if ei mntlT) dp, 
( 


mT /N)—(md/c) sin 6 


(9) 
This expression is readily integrated, term by term, to 


give, 
’ (=) 
sin | — 
N/ X& 


Oa ite 
Nn =0 


Tv m 


+n 2 
exp jim [+ soe sin 8 — =|t 0) 
c N 
The sum 
N-1 
m=0 


in (10) is just the conventional radiation pattern of an 
array, of NV elements, which has a maximum in the direc- 
tion 

2n1 


 N(k- nko) 


sin 6 


or if nky<«k, which is true for practical cases of interest, 


; ant 
in? = == 


: 11 
Nkd oe 


It should be noted that the beam pointing direction is 
controlled by the frequency mode number n. This char- 
acteristic is just what is desired to realize simultaneous 
scanning. 
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By properly choosing the A,» coefficients, the indi- 
vidual pattern characteristics can be controlled as de- 
sired. For definiteness, it will be assumed here that the 
array is uniformly excited (4,=1) and that the inter- 
element spacing d=)/2. Under this condition, (10) can 
be expressed in closed form as 


(i) 


«ef (N-1/2) sin 0 


fr(9) = (- Le 


ent | : =| 
sin —] sin @ — — 
2 N 


where the beam pointing direction is now given by 
sin 90=2n/N. Substituting this result in (7) gives the 
complete pattern complex 


? sin (=) 
26) = >> 1) ——— 


mae) 


Pe re 2n 
sin {sin g— — 


bets d rs = 
sin — {sin g— — 
2 N 


: ef (N—-1/2)r sin 6 


eiletreot, (13) 


This expression demonstrates the desired character- 
istics; namely, an infinite number of beams pointed in 
various directions, each associated with a different fre- 
quency component nw». It should be noted that as 1 
gets very large, the associated beams will be directed 
into imaginary space, causing accompanying reactive 
fields. Although in practice only a finite number of terms 
will be used, it is inefficient to permit a significant por- 
tion of the total power to remain in the unused region of 
space (either real or imaginary). This difficulty can be 
partially corrected by controlling the modulation 
parameters (pulse shape, pulse period and number of 
elements). An ideal example of this was given earlier in 
this paper. In that situation, it was specified that a pre- 
scribed number of beams exist only in a certain angular 
region. This procedure, it will be recalled, gave rise to a 
complicated form of pulse excitation. These two ex- 
tremes indicate the possible trade-offs between sim- 
plicity of construction and efficiency which are avail- 
able. 

In the above analysis, only the one way pattern has 
been considered. An extension of this analysis, to the 
two way problem, is readily carried out and results in 
similar characteristics. In this case, a time separation is 
used between the switching off of one element and the 
turning on of the next element. During this period the 
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returning pulse is received by the appropriate element. 
By this procedure the analysis of two way transmission 
is identical to one way transmission except for a factor 
of two which occurs in the phase and time delay asso- _ 
ciated with the observation range. 

It is important to consider how some of the anten- 
na parameters affect the over-all system capabilities. 
Therefore, suppose that 100 beams are desired distrib- 
uted from —50° to 50°, approximately one degree apart. 
In this case 2 ranges from —50 to 50 and for | | = 50at 
is necessary that in 

2n 


— = sin8, 
N 


where 0=50°. Solving for the number of elements gives 
N=130. In other words, an array containing 130 ele- 
ments is required to meet the above specifications. 
Under this condition, the nominal beamwidth of all pat- 
terns will be approximately one degree. It should be 
mentioned that as in other electronic scanning methods, 
the beamwidth of the pattern away from broadside will 
be degraded because of the projected aperture effect. 
For example, if the beamwidth at broadside is one de- 
gree, at 50° the beamwidth will be 1.5°. When operating 
in a two way fashion, the required number of elements 
is reduced by a factor of two. 

In terms of practical antennas, another characteristic 
of this technique is of importance. This feature con- 
cerns the variation in amplitude of the various frequency 
components. In order to achieve equal detection prob- 
abilities from all beams, each of the frequency com- 
ponents should appear with approximately the same 
amplitude. The controlling amplitude factor in (13) is 


na 
sin (=) 
N 


For the above design example, nr/N ranges from zero 
to 1.2 and sin x/x ranges between one and 0.78. Thus 
the decrease in amplitude over all used frequencies is 
not a significant factor. Because of the slow rate of de- 
crease of beam amplitudes, however, a considerable 
amount of the total energy will be radiated in region's 
which are not used. This, of course, is inefficient, and 
must be remedied in a practical design. What is desired 
is a uniform distribution of beams in the region of 
interest and a rapid fall-off in beam amplitudes outside 
of this region. This characteristic can be achieved by 
careful control of the pulse shape, pulse separation and 
other modulation parameters. The problem is similar 
to the synthesis problem met in conventional array 
studies. 

The preceding discussion demonstrates that from an 
antenna viewpoint, a time varying radiation pattern 
can be readily achieved which has the inherent capabil- 
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ity of providing angular detection information similar 


_ to that received from a sequentially scanned antenna. 


However, in order to make use of this capability, a sys- 
tem must be devised to process the data properly. 


DETECTION SystTEM ANALYSIS 


It will be assumed that a normal superheterodyne re- 
ceiver is an integral part of the system. The complete 
signal incident on the receiver from the antenna will be 
of the following form: 


E(6, 1) = Dy fa Oe Meietnonyt, 


n=—o 


(14) 


where f,,(0)e7? is a symbolic notation for the pattern 
information contained in (13). This signal is processed 
by the receiver and the IF output is 


£(G;3) = 3 fn(9) cos [(wre + neo) + &(6)]. (15) 


n=—oo 


As mentioned earlier, this expression represents a fre- 
quency spectrum centered about the carrier wyp in 
which the sideband amplitudes are proportional to the 
pattern return in the associated directions. 

A method for selecting a particular sideband from 
this spectrum is desired. The straightforward technique 
for accomplishing this is to utilize a single tunable filter 
or a bank of filters to select the frequencies (wrr+n). 
Although this can probably be done, a more elegant 
method is available. This method consists of mixing the 
signal of (15) with a local oscillator of about the IF fre- 
quency. Such a system is depicted in Fig. 2. It is as- 


SECOND FILTER CRT 
RECEIVER MIXER ws PRESENTATION 
LOCAL SWEEP 
(wyp +wq)-NwWo sw 9 S(W)p+Wa)+Nwo- GENERATOR 


OSCILLATOR 
Fig. 2—Detection system for electronic scanning. 


sumed that the local oscillator is swept over a band 
of frequencies (arp+o,4) — Nw <w10< (wir toa) + Noo, 
and the output of the mixer fed to a narrow band filter 
tuned to wa. The frequency wa is inserted into the sys- 
tem to eliminate the need for operation with dc signals. 
Without this frequency the system operates as a phase 
detector. Under this condition an output pulse will be 
produced by the filter whenever the swept frequency 
differs from (wyr++nw@») by wa. Moreover, the magnitude 
of this pulse will be proportional to the signal return 
from the direction associated with the sideband fre- 
quency Wo. 

- Thus, the above method provides a series of sequen- 
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tially related pulses whose magnitude is directly related 
to the target return in a progressive set of directions. By 
feeding these pulses to a display device, such asa CRT - 
whose sweep rate is synchronized with the swept oscil- 
lator, a conventional presentation is achieved. It is 
interesting to consider some practical values of the vari- 
ous frequencies used in the analysis. Assume an X-band 
radar with an array modulation frequency of w»=100 
cps. With a conventional IF of 30 Mc, and assuming 100 
beams, as in the example above, the sweep bandwidth 
will be 10 kc centered at 30 Mc. The output filter might 
reasonably be tuned to 1000 cps with a bandwidth suf- 
ficient to reject 900 and 1100 cps by 20-30 db. It should 
be pointed out that these specifications are consistent 
with the current state-of-the-art in filter techniques. 

As in all types of simultaneous scan systems, the 
question naturally arises as to how the power in a given 
direction compares with other scanning systems. This 
question has been studied from the standpoint of signal- 
to-noise ratios as determined at the receiver in two-way 
operation. It can thus be stated that the signal-to-noise 
ratio for the present scanning scheme is equivalent to 
that in a conventional scanning system. Hence, the de- 
tection range is also equivalent. 


POSSIBLE ARRAY CONFIGURATION 


A number of methods can be visualized for realizing 
the proper pulse-excited linear array. One scheme might 
make use of a dispersive structure of sufficient length so 
that a pulsed carrier would illuminate one element at a 
time. This method is not particularly attractive because 
of the accurate tolerances required in construction. The 
most attractive method comprises an array in which 
each element is fed through a simple on-off switch, per- 
haps a ferrite rotation device. Such a system is illus- 
trated in Fig. 3. Since the over-all svstem is a phase co- 


TRANSMITTER 


FERRITE 
MODULATOR PROGRAMMER 


Fig. 3—Possible linear array for time domain electronic scanning. 


herent device, the transmitter is of a phase coherent 
type. The transmitter can either be a CW type or a 
pulsed system. In the first case, the ferrite programming 
is free running, while in the second case it is synchro- 
nized with the modulation character of the pulsed car- 
rier. 
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CONCLUSION 


The “scanning” system described in this paper has 
been shown to be a practical scheme which may over- 
come many limitations in present techniques. In partic- 
ular, it is no longer necessary to control the phase be- 
tween elements to “scan”; instead simple on-off switch- 
ing in a progressive fashion is utilized. This characteris- 
tic will greatly relax the component problem, as well 
as simplify the programming network. In addition to 
simplifying the antenna system, no major increase in 
complexity is necessary for detection and display. Also, 
no sacrifice in detection range is produced by this 
method of operation. 
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Although the examples used in this work are based 
on a discussion of the linear array, this is by no means a 
restriction. In fact, a straightforward extension is seen 


for 2-dimensional arrays. In this case, the 2-dimensional ~ 


element lattice would be pulse excited in a raster fashion 
much like the scanning of a television tube. The result 
would be a volumetric distribution of directive beams 
with the beam positions controlled in one principal 
plane by the Fourier Harmonics with one period, and 
the beam position in the other principal plane controlled 
by a second series of harmonics with differing period. 
Needless to say, the technique can be applied in all fre- 
quency bands where switching components are available. 


Cylindrical Shields* 


R. W. P. KING}, FELLOW, IRE, AND C. W. HARRISON, JR.{, SENIOR MEMBER, IRE 


Summary—The effectiveness of an imperfectly-conducting 
cylindrical shield of small cross section depends on both the attenua- 
tion through the metal wall of the externally maintained field and the 
amplitude of the current that is induced in the cylinder. When the 
length of the cylinder, which behaves like a linear scattering antenna, 
approaches a resonant value, the currents induced in the walls and 

_the field inside the tube are relatively large. Under these conditions, 
large currents may be induced in a thin dipole placed coaxially within 
the shield. : 


_ INTRODUCTION 


imperfectly conducting walls enclosing a region of 

finite size was formulated and applied specifically 
to the response of a dipole probe in a metal cylinder that 
is electrically small, both in cross section and in length. 
It is the purpose of this investigation to consider shield- 
ing by cylinders that are electrically small in cross sec- 
tion but may be up to a wavelength long. Two problems 
are considered. First, the determination of the axial 
electric field in a metal cylinder of length 2/, inner radius 
b and outer radius c, when immersed in an incident field 
E* parallel to its axis, is outlined. Second, the response 
of a thin dipole antenna of length 24 and radius a, 
placed coaxially within the shield, is investigated. 


[i a recent paper,! a general theory of shielding by 


* Received by the PGAP, May 23, 1960. 

{ Consultant to the Sandia Corp., Sandia Base, Albuquerque, 
N. M., and Gordon McKay Professor of Applied Physics, Harvard 
University, Cambridge, Mass. 

t Sandia Corp., Sandia Base, Albuquerque, N. M. 

1C. W. Harrison, Jr. and R. W. P. King, “Response of a loaded 
dipole in an imperfectly conducting cylinder of finite length,” 
J. Res, NBS, sect. D, vol. 64D, pp. 289-293; May—June, 1960, 


In order to permit the application of the theory of 
cylindrical antennas, the following conditions are im- 
posed: 


(1) 
(2) 
where By =W-V/ peo = 277/Xo is the free space wave number. 


The conductivity of the metal walls and of the dipole? 
is o, the permeability u=ou,. The complex propagation 


O<als 
a<h, 


Boc K« 1, 
Boa K 1, 


constant in the metal is ° 
k=j-8, 68 = Vono. (3) 
In most cases it may be assumed that 
Bb 20, (4) 


so that the simpler asymptotic forms of the Bessel 
functions may be used. Formally, the general case may 
be carried through without difficulty. Note that the in- 
equalities (1) and (4) are compatible since 


(8/0) = Vura/weo > 1, (5) 


by definition of a good conductor. 

The coaxial cylinders to be analyzed are shown in 
Fig. 1. They are equivalent to a coaxial line with two 
electrically open ends but with a completely closed 


* For simplicity, the conductivities of the dipole and the shield 
are assumed to be the same, since the numerical value of the con- 
ductivity of the dipole is unimportant as long as it is in the range of 
metals used as electrical conductors. If desired, separate values may 
be used with no difficulty. 


abelian Sa la ns alt teh Cell 


1961 


Fig. 1—Dipole in cylindrical shield. 


shield. The electrically open ends are obtained by means 
of gaps between the ends of the inner conductor and the 
-metal disks that close the ends of the shield. A lumped 
load Z; is shown connected in series with the inner con- 
ductor at its center. The electric field E‘ parallel to the 
axis of the cylinders is maintained by an external source. 
For completeness, a brief summary of the relevant 
parts of the earlier work’ is given together with the ap- 
propriately generalized formulas. 


THE ELEcTRIC FIELD IN A CLOSED 
TUBULAR CONDUCTOR 


The first problem is to determine the ratio of the 

axial field inside the shield to the incident field when 
there is no inner conductor. 
_ Since the tubular shield satisfies the conditions (1) of 
linear antenna theory, it may be treated as an unloaded 
receiving antenna in a uniform field. The total axial cur- 
rent J,(z) has the following leading term,’ 


COS Boz — cos Bol 
-(z) = I.(0) | ———————_—_ 6 
1) = 140) | (6 
where 
I.(0) = D1 the Lootecs (7) 


In (7), 2/7, is the effective length of an antenna of actual 
length 2/ and Z,in is the input impedance of the antenna 
~ when cut in two at the center and driven by a delta- 


function generator. Curves of /,/\ are in King;? an ap- — 


proximate formula when {ol <7 is 


Bole = tan (Bol/2). (8) 


_ The input impedance of an imperfectly conducting an- 
 tenna is given by 


Zein = Zoo =f Las (9) 


3R. W. P. King, “Theory of Linear Antennas,” Harvard Uni- 
versity Press, Cambridge Mass., ch. 4, p. 469, (18) and p. 492; 1956. 
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where Z,o, the impedance of a perfectly conducting an- 


tenna, is given in tabular and graphical form in King,! 
and 


Zo = (2e!/Bo) (Bol csc? Bol — cot Bol) (10) 
is the contribution from ohmic resistance.® The internal 
impedance 2,‘ per unit length of a tube of outer radius c 
is given below. In general, Z,* is negligible compared 
with Diane 

The general formula for the internal impedance per 
unit length of a tubular conductor of outer radius c and 
inner radius 6 is® 


__ Be) 
PEG) 
k Pe = cee As 


Ze 


fe 


Ji(kc)Ni(kb) — Ny(ke)J1(kb) 
When (A) is satisfied, (11a) reduces to 


2rco 


Zee = ef (Pcthe—m/4) 


k cosh 2A, + cos DAs 
= 4/ (11b) 
21co 


cosh 2A, — cos 24, 


If the additional condition, 4,24, is imposed (which is 
equivalent to requiring the wall thickness to be at least 
four times the skin depth) the following simple formula 
is obtained: ; 


AS oe Emi (11c) 
In the above formulas: 
tan ®, = tanh A, tan A, (12a) 
tan’, =tanh A, cot A; (12b) 
and 
A, = (c — b)/ds (13) 
where 
d, = V2/wpo (14) 
is the skin depth. 
With (11) and (7), it follows that, 
E(c, 0)/Et = egei/Zein. (15) 


This is the fundamental relation between the field at 
the outer surface of the tube and the incident field. 

The relation between the tangential field at the inner 
surface (r=b) to that at the outer surface (r=c) has 
been given in the literature.''® It is, 


E(b, 2) _ Jo(kb)N(kb) — No(kb)Ji(kb) 
E(c,2)  Jo(ke)Ni(kb) — No(kc)J (kb) 


(16a) 


4 Tbid., pp. 154-179. 

5 Tbid., p. 147, (11) and (12). : 

6R. W. P. King, “Electromagnetic Engineering,” McGraw-Hill 
Book Co., Inc., New York, N. Y., p. 356; 1945. 
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Subject to (4) this becomes, 
ete 


E(b, z) _ ne ) 16b 
E(c, 2) y/ b (= [cosh 24, + cos PA ae 


with the additional restriction, 4,24, the following 
E(8, z) 


simple result is obtained; 
24/— e-Ac(1+2), 
E(c, 2) b 


The condition 8,61, which is implied in (1), has as 

a consequence the relation 
Be; Z) is J (Bor) 

E(b,2) — Jo(B0b) 

The combination of (17) with (16) and (15) and the 
use of (11) leads to the following formulas for the ratio 


of the axial electric field in the air within the conducting 
tube to the incident field outside the tube: (r $d) 


(16c) 


== i) otioie fp SS los 


(17) 


E(r, 0 
, = Be) 
Ft 
Lek eee = ead (18a) 
acoZ cin J (kc) Ni(kb) = Ni(kce)J1(kb) 
when 66210, 
E(r, 0 Ihe ef (eT /4) 
Ei nav be Zein /3|cosh 2A, — cos 2A.| 
When, in addition, 4,24,’ 
6 = ae ) = ee e Acti) ein/4. (18c) 


ki wor/ beZein 


where A,=(c—b)/d,. Except near the ends at z= +], 
the axial distribution of the electric field is obtained 
from the relation E=z‘l with (6). It is approximately 


COs Boz — Cos Bol 
E = E(r, 0) | —— |, 
6) = He, 0) | 


(19) 
when Bol <2. This completes the determination of the 
axial electric field in the interior of the imperfectly con- 
ducting tube when it contains no inner conductor. 


THE CURRENT IN A DIPOLE WITHIN THE SHIELD 


When a conducting dipole is placed along the axis in 
the air within the shield, the axial field that exits there 
induces currents in the dipole. These currents in turn set 
up a field that induces additional currents in the shield 
and, since the shield is imperfectly conducting, a field 
is also maintained outside the shield. It will be assumed 
that this is much smaller than the incident field as, 
indeed, it will be if the ratio in (18) is small. Let the 
field maintained by the current in the dipole be denoted 


7 For example, with an aluminum shield (¢ =3.54 107 1/ohm-m) 


at a frequency of 10 kc, this condition leads to c—b>4d,=4,/2/wyo 
= 0.338 cm. 
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by E’(r, z). At the outer surface of the shield it is 
E'(c, 2). It follows that the current that must be main- 
tained on the shield in order to satisfy the boundary 
condition for the continuity of the tangential com- 
ponent of the electric field at ry =c is given by (6) and (7) 
with E‘+£E’(c, 0) substituted for E‘ in (7). Since it is 
assumed that 


a (20) 


ee 
ee 
no serious error is made by replacing E’(c, z) by the 
constant value E’(c, 0) at the center. However, if (20) 
is satisfied the resulting change in the small ratio 6 is of 
higher order and may be neglected. In other words, it is 
assumed that the attenuation through the shield is 
sufficiently great so that what might be described as 
multiple reflections from the dipole back through the 
shield may be neglected. 

Subject to (20), the field E(a, z) given by (19) with 
(18) and r=a at the surface of the dipole is independent 
of the current in the dipole. This latter is then given by 


COS Boz — COS Boh 


Ealehiscel 1 — cos Boh 


(21) 


with 


I,(0) ay 2h.E(a, 0) /(Zain A Zn); (22) 


if the approximation is made of replacing E(a, z) by 
E(a, 0). Since for dipoles of length 24<X the large cur- 
rents are all induced near the center, no large error is in- 
volved in this simplification. In (22) 2h, is the effective 
length of the dipole as if it were in free space, Zain is its 
input impedance, and Z, is a load that may be con- 
nected in series at its center. 

The input impedance of the dipole in the imperfectly 
conducting shield is not the same as it would be if it 
were either in a perfectly conducting shield or in free 
space. Its approximate value may be obtained as fol- 
lows. Consider the dipole center driven by a delta-func- 
tion voltage V that maintains a current J(z). This cur- 
rent may be separated into two parts, 


I(z) = Ia(2) + Ir(2), (23) 


where J7(z) is the part for which an equal and opposite 
current is induced in the shield, and /4(z) is the part for 
which no current is induced in the shield. If the shield 
were perfectly conducting, J4(z) would be zero. In other 
words, J4(z) is the algebraic sum of the currents in the 
dipole and the induced currents in the shield. Since the 
electromagnetic field outside the shield due to I7(z) and 
the current induced in the shield is zero, the entire field 
outside the shield is that maintained by J4(z), just as if 
there were no shield and J4(z) were the total current on 
the dipole. It follows that 

V = 1(0)Zain = T4(0)Za0 + I7(0)Z 7, (24) 


where Z,o is the input impedance of the dipole in free 
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space and Zr is the input impedance of two sections of 
transmission line in series. That is, 


Zr = 2R. coth [ak + j(Boh + &,)], (25) 


where R, is the characteristic impedance of the coaxial 
line, a=2r,*/R, is the attenuation constant, and ®,=0 
is the terminal phase function of the ends which are 
open-circuited. With (23), the input impedance of the 
dipole in the shield may be expressed in the form 

T4(0) 


Lain = Zr + —— (Zao — Zr). 


T(0) 20) 


The ratio of currents in (26) may be replaced by a 
ratio of fields in the following manner. The field E’(c, 0) 
maintained on the outer surface of the shield is due en- 
tirely to J4(z) and is, in fact, proportional to it. The 
field £*(6, 0) incident on the inner surface of the shield 
is proportional to the total current J(z) in the dipole. 
Both fields are those that would be maintained in the 
absence of the shield. Since the wall thickness (¢—)) is 
a very small fraction of a free-space wavelength, it fol- 
lows that 


TO) — Ele, 0)». 
1(0) E%(b,0) 


8". (27) 


It may now be argued that the attenuation through the 
shield of a field that is incident from the outside must 
be essentially the same as the attenuation through the 
same shield of a field incident from the inside, provided 
Bb is sufficiently great to satisfy (4). That is, 


5 = 6. (28) 
With (27) and (28) it follows that 
Zain = ZT te 5(Za0 <= Zt), (29) 


where 6 is given by (18b) or (18c). Note that if the walls 
of the shield are perfectly conducting 6=0 and Zain= Zr; 
similarly, when the shield is absent, 6=1 and Zain=Zao. 
The final expression for the current at the center of 
the dipole when enclosed by the imperfectly conducting 
cylindrical shield may now be expressed as follows, 


T,(0) 2hed 
Pie ak tl 27) +L 


where 6 is given by (18b) or (18c) and it is assumed that 
(4) is satisfied together with (20). 


(30) 


NUMERICAL EXAMPLES 


In order to obtain a quantitative estimate of the mag- 
nitude of the ratio 6 of the field in a cylindrical shield of 
finite length and of the current that may be induced in 


a conductor along the axis of such a shield, consider the 


following numerical examples. These involve an alu- 
minum shield of given wall thickness and cross-sectional 
size but two different lengths, the one very short com- 
pared with the wavelength, the other a half wavelength 


long. 
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The subscripts 1 and 2 appearing on the various pa- 
rameters entering the problem refer to the short and 
half-wavelength long shields, respectively. The cylinder 
and inner conductor are made of aluminum. ¢ = 3.54107 
(ohm-meter)“. In both illustrations, f=10 kc, 
w= 27f=6.283X10*, Ao=3X104 meter, B)=27/No 
= 2.094104 meter}. 


The Cylinder as an Antenna 


c = 6.8 cm, b = 6.7 cm, (c — 6) = 1 mm 


21 
ly = 5m, Bol: = 1.047 X 10-3, Q1, = 21n — = 9.98 
Cc 


21 
bi Silko Gl Bod Oye nl 
G 


B = Vwuc = 1.672 X 103m! 
w= 40 X 10° “henry — m“! 
oie 
pb = 112.02, d, = /— = 0.846 mm 
WL 


ee: 
eae 
d 


s 


Zein t= = 7116 X 10°. ohms® 
Zeing © 11.3 + 743.6 = 88.75e7°-5!4 ohms? 
le = 3h, = 2.5m" 


leo = 5.04 X 10?m™ 


R 


Computed Field Ratio 
E(a, 0) 

= (0.374 + 70.758)10-° 
E(a, 0) 

Saget 


= (4.08 — 75.98) 10-8 


= 0.845 X 109-109-488 


1 
[from (18b)] 


= 7.25 X 10-%¢-i0-972 


[from (18b)] 


Intertor Data 
Center Conductor: 
a=2X 10m, ky = 5m, Bo = 1.047 X 107°, 


2h 
2In— = 17.03, 
a 


Q) 


2he 
Wee km, Bohs = Vici ate Qs = 2 ln — = 31.66 
a 


ho 


I 


het = thy = 2.5m!° 
he = 4.77 X 10'm™ 
Zoa1 = — 77.817 X 10° ohms#® 


8 King, op. cit., footnote 3, p. 192 (46b). 

9 Tbid., by extrapolation of Table 30.1, p. 168. 

10 Tbid., p. 496. 

1 Tbid., p. 492, Fig. 9.6b; he/Ao =0.168 for M%,=24.61. 
12 Tbid., p. 492, Fig. 9.6b; h./A~0.159 for = «, 

13 [bid., p. 184, (6c) with Q=17.03. 
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Zoaz 14 + 7942.5 = 85,3¢79-52114 

—J2R 

Bohy 


Z71 = 2R. coth (a + jBo)hi =~ 


b 
R, = 60 In — = 210.7 ohms. Hence 
a 


Zr = — 74.03 X 10° ohms. 
ZYr2 = 2R. tanh ahy = 2R.aho tad rhs 


ri 
= (rq* + re')he, sincea = ‘ 


Also® 
Ba M>(Ga) 30 | 
po ree aes parnEy) == 8 
2ra’a ~M,(Ba) ov i 4 ease He 
Sia— S25 


M,(3.3) = 2.301, 00(3.3) =.109°.251¢ 
MiG.3) = 2.124, 0\(3.3) = 206°:83" 
roi = 3.23 X 10-318 
ri = 9.59 X 10-5 [(11b) with (12a) and (12b)] 
ie pe Eee =i Seon. 10s 
Zr2 = rh. = 24.95 ohms. 


Ratio of the Current at the Middle of the Unloaded 
Center Conductor to the Incident Field 


Ia1(0) : és 
— = 1.05 X 10772-8683 [(30) with Zz = 0] 
Ta2(0 
= = 2,72¢-79-*".| (30) with Z;-= 0| 


Thus, for an incident field Z* of 10 volts/meter the mag- 
nitude of the current at the center of the inner conductor 
is only 1.05X10-"% amperes for the case of the short 
cylinder. However, for the half-wave cylinder the cur- 
rent is 27.2 amperes for the same incident field. 


4 Thid., p. 168, by extrapolation with Table 30.1, noting that for 
Qe ©, Z=73.147 42.5. 

16 King. op, cit., footnote 6, p. 346, (2). 

16 Tbhid., p. 523. 

M Thid., p. 524. 

18 Tbid., p. 346, (2). 
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CONCLUSION 


The field in the interior of a cylindrical shield depends 
on the attenuation through the shield and on the ampli- 
tude of the current that can be induced on it by the ex- 
ternal field. When a closed cylindrical shield is very 
short compared with the wavelength, the effective 
length is small and the impedance is enormous. It fol- 
lows that the induced current is very small, and with it 
the field in the interior of the shield. When the shield 
approaches a resonant length, the effective length is 
relatively large and the impedance quite small. It fol- 
lows that a rather large current is induced in the 
cylinder and a correspondingly large field is maintained 
in the interior. 


If a dipole is placed inside the shield with its ends not 


connected to the metal end surfaces of the shield, the 
current induced in it depends on its length and on the 
magnitude of the surrounding field. When the field in 
the shield is small and the length of the dipole is far 
from a resonant value, the current induced in the dipole 
is extremely small. On the other hand, when the field 
in the shield is more intense and the dipole has a 
resonant length, surprisingly large induced currents are 
possible. 

Similar results may be expected if the dipole in a 
shield is replaced by a conventional coaxial line with a 
load at one end and a generator at the other. If the 
length of the line is resonant at the frequency of an ex- 
ternal field and the wall thickness is not very great com- 
pared with the skin depth, significant fields may be 
maintained within the shield. These may induce rela- 
tively large currents in the coaxial line, particularly if 
a resonant condition obtains. Evidently, all of the con- 
clusions reached for solid metal shields also apply to 
the practically important case of braided shields of com- 
parable thickness. 

Although somewhat idealized, the assumed numeri- 
cal values are not physically unreasonable under spe- 
cial circumstances. The short cylinder in a uniform field 
is obviously realizable. A cable 15 km long in a uniform 
field is not easily realized. However, a long cable on dry 
sand near a high-powered VLF transmitter might not 
be very different in its response. 
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_ Folded Dipoles and Loops* 


C. W. HARRISON, JR.t, sEnror MEMBER, IRE, AND R. W. P. KINGI, FELLow, IRE 


Summary—In Section I the theory of linear arrays consisting of 
two or more closely spaced elements that are interconnected by 
lumped reactances is reviewed. Specific application is made to two- 
element end-loaded folded dipoles and monopoles constructed of 
conductors with different diameters, to series tuned three-wire 
folded dipoles and monopoles, and to a three-wire-line reactor and 
impedance transformer. In Section II the circular folded dipole or 
Halo antenna is treated. 


I. LINEAR ELEMENTS 
Introduction 


TWO-WIRE line driven and loaded in various 

\\ ways is shown in Figs. 1(a)—1(d). Although con- 

structed of the same pair of parallel, closely- 

spaced conductors, the four structures shown in Fig. 1 
- have quite different properties. 

Fig. 1(a) is a schematic diagram of the conventional 
balanced two-wire transmission line. It is driven at one 
end, and loaded at the other. The currents in the two 
conductors of the line are equal in amplitude and oppo- 
site in phase, so that radiation is very small if the dis- 
tance between the two conductors is a sufficiently small 
fraction of a wavelength. 

The circuit in Fig. 1(b) is also that of a balanced two- 
wire line. In this case generators that maintain equal 
and opposite voltages are connected in series with the 
two conductors at an arbitrary point along their length. 
The line is loaded on the one hand by two identical im- 
pedances 4Z, in series with the two conductors and, on 
the other hand, by an impedance Z, across the left end. 
Note that owing to the symmetry of the generators and 
the lumped impedance, the currents in the line are again 
equal and opposite. 

The line in Fig. 1(b) is unbalanced if either of the gen- 
erators or either of the impedances 3Z; is replaced by a 
short circuit. Owing to the geometrical asymmetry, the 
currents in the two conductors of the line are not equal 
and opposite. 

From the point of view of transmission line theory, 
the circuit of Fig. 1(c) is completely unbalanced. The 
two symmetrically placed generators maintain equal 
voltages in phase. Since the impedances are symmetri- 
cally arranged, the currents in the two conductors are 
equal and in the same direction. This structure is not a 
transmission line at all, but a two-element cage antenna 
that is driven off center. Note that the impedances Zo 
and Z, are not of interest since no potential difference is 
maintained across them. They may be replaced by short 


* Received by the PGAP, May 25, 1960; revised manuscript re- 
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Fig. 1—Shunt- and series-loaded two-wire lines 
and folded-dipole antennas. 


circuits or removed and the ends left open with very 
little effect on the currents in the two long conductors. 
An analysis of the circuit in Fig. 1(c) has been made by 
King,! when the generators are located at the center and 
Z, and Z, are replaced by straight conductors. 

The circuit in Fig. 1(d) may be reduced to that of the 
conventional folded dipole? if the three impedances are 
replaced by straight conductors and the over-all length 
is a half-wavelength. The more general circuit given by 
Fig. 1(d) with Z) and Z, replaced by short- or open-cir- 
cuits and with Z; an arbitrary impedance has also been 
treated in detail.’ By the theorem of images, these an- 
alyses include the corresponding folded monopoles® over 
a conducting ground plane. One purpose of this paper is 
to treat the general case illustrated in Fig. 1(d), the end- 
loaded series-tuned folded dipole and its image equiva- 
lent, the end-loaded folded monopole when the two con- 
ductors have different radii. Aspects of this general case 
have been treated by Harrison’ *® and King,®*? but the 
methods and results have not been published in a tech- 


1R, W. P. King, “The rectangular loop antenna as a dipole,” 
IRE Trans. ON ANTENNAS AND PROPAGATION, vol. AP-7, pp. 53-61; 
January, 1959. 

2R. W. P. King, H. R. Mimno, and A. H. Wing, “Transmission 
Lines, Antennas and Wave Guides,” McGraw-Hill Book Co., Inc., 
New York, N. Y., p. 224; 1945. 

3. W. V. B. Roberts, “Input impedance of folded dipoles,” RCA 
Rev., vol. 8, pp. 289-300; June, 1947. 

4R. Guertler, “Impedance transformation in folded dipoles,” 
Proc. IRE, vol. 38, pp. 1042-1047; September, 1950. 

5R. W. P. King, “Theory of Linear Antennas,” Harvard Uni- 
versity Press, Cambridge, Mass.; pp. 334-343; 1956. 

6 J. Leonhardt, R. D. Mattuck, and A. J. Pote, “Folded unipole 
antennas,” IRE TrANs. ON ANTENNAS ‘AND PROPAGATION, vol. 
AP-3, pp. 111-117; July, 1955. 

7C. W. Harrison, Jr., “Folded Antennas,” Ph.D. dissertation, 
Harvard University, Cambridge, Mass., published as Cruft Lab. 
Tech. Rept. No. 193; 1954. 

8C. W. Harrison, Jr., “Theory of End-Loaded Monopole,” 
Sandia Corp., Albuquerque, N. M., Tech. Memorandum 275-57(14); 
October, 1957. 

9R. W. P. King, op. cit., footnote 5, pp. 358-361. 
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nical journal. The related problem represented by Fig. 
1(d), when the generator is moved from the center of 
one of the long sides of the rectangle to the end of the 
line in series with Zp>—which is equivalent to Fig. 1(a) 
if an impedance Z; is connected in series at the center of 
one of the line wires!°—is also considered. The closely 
related problem of the correspondingly unbalanced 
shielded-pair line has been analyzed.1! 

The loading and driving arrangements illustrated in 
the several parts of Fig. 1 may be extended in a gen- 
eralized sense to any multiwire line. A number of dif- 
ferent folded wire structures have been studied by Har- 
rison;’ a generalization of Harrison’s theory to an N- 
element folded antenna has been given by King.® Owing 
to the great variety of possible locations of generators, 
series impedances, and reactive interconnections, a gen- 
eral formulation of the arbitrarily loaded and intercon- 
nected multiwire line or folded antenna structure is im- 
practical. For this reason the analytical procedure is 
illustrated in several relatively simple structures with 
practical interest. These include the series-tuned three- 
wire folded dipole and monopole, and a three-element 
transmission-line reactor, in addition to the end-loaded 
two-wire folded dipole. 

As a final related problem, a folded dipole that is bent 
into a circle to form a Halo antenna is analyzed in Sec- 
tion II. 


General Principle of the Theory 


The mathematical formulation of problems that in- 
volve unbalanced multiwire lines with series and inter- 
connecting impedances is more easily followed if the 
underlying principle is first understood. This is simple. 
It consists of the separation of those currents that can 
be treated by conventional transmission-line theory 
from radiating currents that must be analyzed by an- 
tenna theory. Clearly, such a separation is meaningful 
only if there are indeed currents that do not contribute 
significantly to the far-zone field. In simple two-wire 
structures such as those shown in Fig. 1, the radiating 
currents are the equal and codirectional, or unbalanced, 
currents; the currents that contribute negligibly to radi- 
ation are the conventional equal and opposite, or bal- 
anced, line currents. (Note that these latter contribute 
negligibly to radiation only if the maximum distance 
between the several conductors of the multiwire con- 
figuration is a very small fraction of a wavelength.) In 
the more complicated folded and variously intercon- 
nected circuits, the separation of the currents into two 
groups that, respectively, do and do not contribute sig- 
nificantly to the far-zone field is not achieved as easily 
as for the relatively simple unbalanced two-wire line. 
However, the two groups are readily separated in prin- 


10C, W. Harrison, Jr., “Hybrid Transmission Lines,” Sandia 
Corp., Albuquerque, N. M., Tech. Memorandum 157-58(14); May, 
1958. 


uR, W. P. King, “Transmission-Line Theory,” McGraw-Hill 
Book Co., Inc., New York, N. Y.; pp. 203-224; 1955. 
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ciple by imagining all of the parallel conductors super- 
imposed without altering the currents in them. The net 
current that remains uncancelled is the total radiating 


Se et Bla ceca dk 


part, the currents that cancel are the nonradiating or ~ 


transmission-line part. The analytical procedure for re- 
arranging the N individual currents in the V conductors 
of a multiwire structure into one radiating component 
and N-—1 transmission-line components is first to 
achieve a corresponding separation of the vector poten- 
tials due to the radiating and nonradiating-currents. In 
this manner one integral equation is obtained for the 
radiating current in an equivalent dipole and N—1 
equations for the transmission-line currents. Since the 
integral equation for the radiating current in the dipole 
is of familiar form with a known solution, and the V—1 
integral equations for the nonradiating currents reduce 
to simple simultaneous algebraic equations that may be 
solved directly, it is possible to evaluate the individual 
currents by imposing conditions appropriate to the loca- 
tions and properties of both generators and lumped se- 
ries or interconnecting impedances. The details depend 
upon the characteristics of each individual configuration 
of conductors. 

The following general conditions and principles apply. 

1) If the over-all length of the structure is 2h, the 
radius of conductor 2 is a; and the distance between con- 
ductors 7 and k is bx, the following inequalities are as- 
sumed to be satisfied for all values-of 7 and k: 

a;<h; as < be; (Bb)? K 1. (1) 

Note that 8 =27/X is the wave number. 

2) All conductors are assumed to be perfect so that 
the tangential component of the electric field on the sur- 
face of each wire is zero. 

3) The scalar potential is continuous except across 
the terminals of generators and lumped impedances. 
Generators are treated as discontinuities in scalar po- 
tential’? (6-function source) with driving voltage de- 
fined according to the pattern: 


V = lim {4(2) — $(—9)}. (2) 


The voltage drop across an impedance Z, carrying a 
current J; is given by J,Z,. An equivalent generator 
has the emf 


Vi = =e Zz. (3) 

4) The sum of the currents directed toward the junc- 
tion of two or more wires is zero. The current is zero at 
the open end of any wire. 


” The infinite current required to charge the knife-edge capaci- ~ 


tance across the terminals of the 6-function generator (which do not 
exist in physically available methods of driving) is automatically 
subtracted out in iterated solutions of the type obtained in this 
paper. This has been shown by T. T. Wu and R. W. P. King, “Driv- 
ing point and input admittance of linear antennas,” J. Appl. Phys., 
vol. 30, pp. 74-76; January, 1959. 


ae Oe 
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5) Contributions to the far-zone fields by short con- 
necting impedances with lengths 6; and by equal and 
opposite currents in conductors separated by distances 
bix are neglected. The radiation resistance referred to 
maximum current due to these currents in a general two- 
wire-line circuit" has the order of magnitude 3067b?. It is 
assumed that 8d is small enough to make this resistance 
negligible compared with the radiation resistance of the 
folded structure. 


End-Loaded Folded Dipoles and Monopoles 


The Vector Potential and the Integral Equations: The 
first structures to be analyzed are the closely related 
end-loaded folded dipole shown in Fig. 2 and the end- 
loaded folded monopole shown in Fig. 3.8 The more gen- 
eral case with two conductors with different radii a; and 
a is treated. Each conductor has the length 2h; the dis- 
tance between centers is 0. 

The boundary condition, £,=0, on the conductors 1 
and 2 is equivalent to the following equation™ for the 
vector potential A=2A: 


d? A(z) 


+ B?A(z) = 0 (4) 
dz? 


which has the solutions: 


fake V 
A(z) =a cos Bs + —"sin | s| (5a) 
Vo 
A2(z) = BES C2 cos Bz, (5b) 


vo 


if the driving voltage V» is defined as in (2) and the sym- 
metry condition, A(z)=A(—z) is imposed; vo is the 
velocity of light; C; and C, are arbitrary constants. The 
vector potential on the surface of conductor 1 is'*.”* 


h 
Le) Kas(2, 2 dz 


Ax(z) => Ai1(z) +- A2(z) = me i 


Ho 4 
+— | I2(2') Ko(z, 2’)dz’, (6) 
4 J _h 
where 
e-iBRe va 
K.(z, 2’) = ) R= VJe—2)?+c0 (7) 


c 


and po=4a X10~7 henry/m. The vector potential A2(z) 
on conductor 2 is given by (6) with subscripts 1 and 2 
interchanged. The substitution of the integrals for 
Ax(z) and A2(z) in (Sa) and (Sb) yields two simultaneous 


i i . Denton, Jr.; 
13°R, W. P. King, C. W. Harrison, drerand Dio Rabe 
“Transmission-line i antennas,” [RE TRANS. ON Ds 
AND PROPAGATION, vol. AP-8, pp. 88-90; January, 1960. Also Sandia 
Corp. Albuquerque, N. M., Tech. Memorandum 436-58(14): No- 


1958. 
ae W. P. King, op. cit., footnote 5, p. 73. 
16 Tbid., p. 264, 4. 
16 Thid., pp. 15-20. 
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Ay (z) A(z) 


Ip(z') 


1, (2!) 


Dy = 2a, Dg = 2ag 


2, 


Perfectly Conducting Infinite Plane 


Fig. 3—End-loaded folded monopole. 


integral equations for the two unknown currents, J;(z) 
and I2(z). 

The first step in the solution of these equations is to 
rearrange them in such a manner that the radiating an- 
tenna currents are separated from the transmission-line 
currents. This is accomplished with 


h 

aie | Le Rise ae (8a) 
4a J _p 
Ho he 

Aca(z) a I2(2’) K,(z, 2’) dz! (8b) 
4n J _p 


where K,4(z, 2’) is defined by (7) with c=d and d is the 
as yet undefined effective radius of the equivalent 
radiating dipole. However, it is anticipated that d must 
satisfy (1), in the same manner as a;. The integrals (8a) 
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and (8b) are added to and subtracted from (6). Thus, 
Au(z) = Ara(z) + [An() — Ard(2)]. (9) 


The difference term in (9) may be evaluated as follows: 


Axu(z) — Axa(z) = ll “hw [Kar(z, 2’) — Kalz, 2!) |dz’ 


= ne f be, a’) — Ka(z, 2’) de 
fe Mol 1(z) ray (10) 
4 


where 


d 
r= 2in (=). (11) 
ay 
‘The justification for the approximations involved in (10) 
depends on the fact that with Bd and Ba, both small, the 
integrand has a significant value only when 2’ has values 


near z. It follows that in a small range near 2’=z, the 


current is sensibly constant at I)(2’)=J4(z) and that 
with (1) the limits may be changed as shown.” 
It follows that 


HENOV ES eRe = HOR. (12a) 
A 49(z) — A oa(z) + a I(z)rp (12b) 

where 
(13) 


rT, = 2In—- 
; b 


Corresponding formulas for A(z) and A2(z) are ob- 
tained from (12a) and (12b) by writing 2 for 1 and 1 for 
2 in the subscripts. With (12a) and (12b) it follows that 


A\(2) = a (Fala) + Ii(2)rort Iolz)ro] (14) 
where 
At 
Jalz) = e [A1a(z) + Aca(z)] 
ze { ” Ele) Kale Pde! (15) 


In (15) Ip(z) = hh(z) + J2(z) is the total radiating current. 
In the same manner, 


Dive rao + Tilz)ry + Talo) roa] (16) 


17 A detailed discussion of this integral, which is precisely the one 
occurring in the derivation of the transmission-line equations from 
electromagnetic theory, is given in R. W. P. King, op. cit., footnote 5, 
pp. 60-64. 
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where 


(17) 


t, =2 a 
a2 


When (14) and (16) are substituted in (5a) and (Sb), the 
following equations are obtained: 
Ja(z) + T(z) ra, + I2(z)rp 

—j4r 


= [Ci cos Bz + 4Vo sin 3 | 2 ] (18a) 


0 


— 4 
Ja(z) + 11(2) re + I2(2)ra, = Cz2cos6z (18b) 
0 
where 
1/2 
fae (=) = oO eons. 
€0 


The Equivalent Dipole: The general form of the inte- 
gral equation for the current in a dipole with an effective 
radius d is 


— 74%, 


Faia) = [Cacos6z+4VasinB|z|] (19) 


0 


where J4(z) is defined in (15), Va is the effective driving 
voltage at z=0 and Cy is an arbitrary constant that is 
ultimately evaluated from the condition I7(h)=0. It 
is necessary to express d and Vz, in terms of the con- 
stants occurring in (18a, b). This may be accomplished 
by multiplying (18b) by an arbitrary parameter m and 
adding it to (18a). The result is 


(m+1)Ja(z) +I r(z) [ra,+-mrp|+To(2) [rs—ra,+m(Tay —r,)| 


—janr d 
aa a [(Cit-mC2) cos Bz+4V sin B | z | ]. (20) 


0 
Note that use has been made of the expression for the 
total radiating current, I7(z) =J,(z)+J2(z), in order to 
eliminate J;(z). The next step is to reduce (20) to the 
form (19) by assigning proper values to m and the effec- 
tive radius d. This is accomplished by setting the coeffi- 
cients of 7(z) and J2(z) in (20) equal to zero. Thus, 


fava mr, = 0 (21a) 
Ty Fae Nn Ga, — Fp) = Oe (21b) 
It follows that 
re? = Tala, (22) 
Yay To 
m= —-— = — — (23) 
Td Yas 


The substitution of (11), (13), and (17) in (22) gives 


eye (In 6)? — Ina; In ay 
= 7 


aa, 


(24) 


In 


rat oe 81 


ote 


thi 
ie 


a * Ss 
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TeP Nee ee ee Tyee ee 


or 
(In 6)2"— In ay ln ay 
d = exp (25) 
In 
a1a2 


An alternative form is obtained by subtracting } In 
b°aya2 from both sides in (24). This gives 


Inga + In (b?a1a2) + Sara pore (26) 
4 In 
a1a2 
== so that 
d = b'!?(aya9)1/4eP (27a) 
where 
ae 
(») 
(0%) . 
ears (27b) 
4 |n 
a\a2 


Note that when the two conductors have equal radii, 
a=a2=—a, 


d = V/ab (28) 


in agreement with earlier work? on the simple folded 
dipole. 
A comparison of (19) and (20) shows that 


Vo 
Va = (29a) 
1+ m 
where 

In — 

1 Ya» (0B) 
=y 2s = . (29b) 

1 + m Toke kdb b? 

In 
a02 


The solution of an equation like (19) has been dis- 
cussed in detail for a dipole of radius a, length 2h, and 
with a driving voltage V». Extensive theoretical and ex- 
perimental data are available** for the distribution of 
current in the normalized form J(z)/Vo and for the 
impedance defined by Zo= V./1(0). Evidently Ir(z)/ Va 
and 

Va 


rary 0) (30) 


Za 
Gorréspond exactly to these quantities if the effective 
radius d is used in place of a. The available data for cur- 


rents and impedances are given, respectively, as func- 


18 R. W. P. King, of. cit., footnote 5, Ch. II. 
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tions of Bz and Bh with Q=2 In 2h/a as parameter. All of 


these data, and in particular, the tables of impedances,'® 
apply directly with Q=2 In 2h/d. 

The Currents: With Ip(z) and Za determined, it is a 
simple matter to obtain expressions for the individual 
currents J;(z) and J:(z). This is accomplished by sub- 
tracting (18b) from (18a) to obtain 


—j4r 
Ti(z)a1 — I2(z)az = [D, cos6z + 3Vosing | z | is 63) 
0 
where 
1 = fa, — tf = 21In— (32a) 
ay 
2 = Ta, — 1 = 2In— (32b) 
a2 
Dy = C; — Co. (32c) 


If I2(z)a, is added and subtracted on the left in (31) and 
use is made of the total current Ip(z) = Ii(z) + J2(z), the 
following expression for J2(z) is obtained: 


I2(z) = Ir(z) Ca 


gan ( ‘ 1 é | | ) ) 
+ see ee (IDK OO Bz + =V B C3 33 
¥ 3 s 1 9Vo9SIn & ( a 


It follows directly that 


BU ns Gama 
qAr 


ee (33b) 


The Scalar Potential and the Driving-Point Admuit- 
tance: The scalar potential is related to the vector po- 
tential by the Lorentz condition which defines the di- 
vergence of the vector potential in the form 


2 


ahd EO. (34) 


Since significant contributions to ¢@ near z= +h are from 
charges associated with the radiating current I7(z) 
which maintains a maximum of charges at the ends of 
the structure, it is sufficient to set A=4A,. It follows 
with (5a, b) that 


iw [OA V 
gi(h) = Al |. = —C,singh+ - cosBh (35a) 


(35b) 


go(h) = Jw eo 
02 


| = — C2:sin Bh. 
B? z=h 


19 R, W. P. King, of. cit., footnote 5, pp. 168-182. 
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Hence, the voltage drop is 
V 
1(h)Z1 = $1) — $2(h) = — Di singh + 5 008 Bh. (36) 


Since I2(h) = —hh(A), (31) gives 
ay 
Fo(ar + a2) 
Py elimination from (36) and (37), and with 


ey eae SY) Aw In 24 ; 


At 2a 


; V 
Tp E cos Bh + = sin ah. (37) 


(38) 


a\ao 
it follows that 

Zi 
cos Bh + 7 (+) sin Bh 


0 iC 


D, = (39) 


ar (=) Bh 
sin Bh — 7 | ——) cos 
Jj A 
Since J7(z) is known from the solution of (30) and D, is 
given in (39), Z:(z) and J(z) as expressed in (33a) and 
(33b) are determined. 
The current at the driving point is 4(0). It is ob- 

tained from (33b) as follows: 


Vo[Z. + 7Z 7 tan Gh 
| a zt tan B | (40) 
Dee Am a iZo tals 


I,(0) = Ir(0) =e 


ay + ae 


The input admittance is 


ee 41) 
a Vo La Zt ( 
where 
b 2 
In — 
ae Qe 
i = (42) 
a1 + a2 b? 
In 
a; 
ZEA jf Lo tan BH 
2, = 22,| : (43) 
Let yZz tan Bh 


and Zq is the input impedance of a center-driven iso- 
lated cylindrical antenna of radius d given by (27a), Z, 
is given by (38). This completes the analysis of the end- 
loaded folded dipole shown in Fig. 2. The admittance of 
the end-loaded monopole shown in Fig. 3 is 2 Y;, where 
Yin is given by (41). If the two radii, a; and ae, are equal, 
Ze= (f/m) In (b/a), F=1, and d= vV/ab. If the end loads 
are straight conductors of radius a and length b, Z;, may 
be set equal to zero provided h is replaced by (4+06/2) in 
(43). If Z, = ~, the circuit in Fig. 2 reduces to that of a 
center-driven dipole with a parallel parasitic element. 

In the important special case with Bh=7/2, Z,=0, 
and a;=d2, Vin=1/4Z¢ or Zin=4Z—a familiar formula. 
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Series Tuned Three-Wire Dipoles and Monopoles 


The Vector Potential, the Integral Equations, and the 
Equivalent Dipole: As an application of the general the- 
ory developed in the analysis of the end-loaded two-_ 
wire antenna to multi-wire structures, consider the 
three-wire dipole shown in Fig. 4 and the corresponding 
monopole in Fig. 5.2° The lumped load Z, is now con- 
nected in series with one of the elements—in this case 
conductor 3—instead of as an end connection between 
two of them. Such a load is most easily handled by re- 
placing it by an equivalent generator with emf V3 given 
by?! 


V3 = — 1;(0)Z1. (44) 


The vector potential on the surface of each of the 
three conductors satisfies (4). The solutions that take 
account of symmetry and driving voltages and cor- 
respond to (5a) and (5b) are 


Vo 


Cann |" Va 
Ax(z) ers cos Be + ~"sin »| (45a) 


A2(z) = = C2 cos Bz 
0 


(45b) 


= V 
A3(z) - Ie, cos Bs + —sing|s| b (45c) 


vo 


The vector potentials are also given by the following 
integrals that correspond to (6): 


h h 
Re os f Te) Kale, da! +f TG )K ale, 24) 


h 


ob I3(2’) Koa(g, 2’) as’ (46a) 


—h 


mM h h 
Teeee S| { Ti) Ry (oe ae if ile Kila ede 
Tv = —h 


h 


h 
+f Is(2')Ko(z, eas'\ (46b) 
—h 


h h 
T,(2') Koo(z, 2’) dz’ + I2(2’) Ky(z, 2’)dz’ 


—h —h 
h 
+f I3(2’) Ka(g, cast . (46c) 
= 


The kernels are defined by (7) with c=a, b, or 2b. The 
substitution of these expressions in (45a)—(45c) yields 
three simultaneous integral equations in the three un- 
known currents J,(z), J2(z), and Js(g). 


* 2G We ernie Le oe of Shunt-Tuned Three-Wire 

onopole,” Sandia Corp., uquerque, N. M., Tech. M 

301-57(14); October, 1957. a = na 
*! Note that the negative sign occurs in (44) since the equivalent 

emf is the negative of the voltage drop across the impedance. 
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The integrals (45a)—(45c) are transformed by intro- 
ducing the auxiliary potentials Aya(z) and Asa(z) de- 
fined by (8a) and (8b) and 


tee ie f Tle) Kale, 2d (47) 


where K4(z, 2’) is defined by (7) with c=d. These auxili- 
ary integrals are added and subtracted in (46a)—(46c) 
according to the pattern (9). The evaluation given in 
(10) is carried out for each, and steps paralleling (12a)- 


(12b) are carried out to obtain expressions like (14). 
Thus 


iG = [Falz) + 1(2)ra + Tol2)rs + Ta(z)rx] (48a) 


aa 


Arle) = 7 als) + Li@)ro + Lo@)ra + Is(@) 10] (48b) 


Aa) = fe Lis) b La(e)ra,  Ie@re Sat ata)r cee) 


When Ja(z) is defined by the integral on the right in (15) 
with the total radiating current given by J7r(z) =J1(z) 
+ Ie(z)+J3(z) and with the r-parameters defined by 


d d d 
% = 2In—, r, = 2iln—) roy = 2In—- (49) 
a b 26 


Fig. 4—Series-loaded coplanar three-wire dipole. When (48a)-(48c) ate substituted 1m (ea)-(450 eens 
simultaneous integral equations are obtained in a form 
corresponding to (18a)—(18b). In order to combine them 
in such a manner that an equation of the type (19) may 
be obtained for the total current 


Ip(z) = In(z) + In(z) + I5(2), (50) 


they may be multiplied respectively by 1, m, and n, and 
then added. The result is 
(1+ m+ n)Ja(z) + Ir(z) [ra + mre + ure» | 
+ Io(z)[r5 — ra + m(ra — 7) + n(ro — 72) | 
+ 1;(z)[r25 — ta + n(ra — ro) | 
—jAr 
= c [(Cy + mC2 + nC3) cos Bz 


0 


+ 4(Vi + nVs) sinB| |]. (51) 


Note that (50) has been used to eliminate [;(z). The 
integral equation (51) may be reduced to the form of 
(19) by setting the coefficients of Ir(z), Io(z), and I3(z) 
equal to zero and using the three equations so obtained 
to determine m, n, and the effective radius d. The three 
equations are: 


Adjustable Tuning 
Capacitor 


3 
4 
: 
: 
4 


= =F + 


2 Fig. 5—Series-loaded coplanar three-wire monopole, ta + mrp + mr = 0 (52a) 
3 ry — Ta + Mra — 14) + n(ro — P2») = O (52b) 
i 129 — ta + ra — Fo) = 0. (52c) 
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From (52c) it follows at once that »=1. Accordingly, 


Ss _ a + 42) ‘Z (2r, — roy — Ta) , (53) 
; lan Ta Tt 
The second equation reduces to 
2ry? — Tafoo — Ta? = (54) 


With (49) and considerable algebraic manipulation, it 
follows that 


2(In 6)? — In 26 Ina — (Ina)? 


hing! = (55) 
3(In 6 — Ina) — In2 
or 
In 4 In — 
2a 
In d = In (2ab*)1/8 — ~ (56) 
6 In —— 
2a’ 
Hence 
In 4 In — 
2a 
i (Zap?) *2¢5%, g= is (57) 
6 In — 
2a’ 


This is the effective radius of the equivalent dipole. 


nN 1 Tb 
l+m-+n Jilly eT Se eae RT Ty 
b 
In — 
at (“) 58 
 . (58a) 
In —— 
Dae 
where 
b 
ao = 2 In — (58b) 
a 
b3 
a, = 2 In — = 3ay — 2 In 2. (58c) 
2a3 


The equation (51) may now be expressed as follows: 


— us 
Se) = [Ca cos Bz + 4Vq sin 6 | ra (59) 
£0 
where 
te Vitinys ao (V V 
d ‘pata Nee is ut V3). (60) 


Clearly (59) is in the standard form for determining the 
current Jr(z) in a dipole of radius d and center driven by 
an effective voltage Vy. The constant Cy is evaluated 
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from the condition I7(h)=0. The effective impedance 
of the dipole is 


Za (61) 


i ge “(= a i) 
Fel OY Fhe Tr(0) 7 


Its numerical value may be obtained directly from ex- 
tensive available tables!® as explained in conjunction 
with (30). Note, however, that Za is not the driving point 
impedance of the three-wire antenna now under study. 

The Currents and the Input Admittance: Explicit ex- 
pressions for the individual currents in the three ele- 
ments of the antenna may be obtained by solving the 
two difference equations obtained from (45a)—(45c) with 
(48a)—-(48c) by forming 


Aq 4a 
— [Ai(z) — Ao(z)] and — [42(z) — A;(z)] 
Ko Ho 


together with the definition of the total current. The 
three simultaneous relations are 


Ty(z) + I2(z) + Is(z) = Ir(2), _ (62a) 
Ii(z)ao == Is(z)ao = I3(z) In 4 
TIE. 
= —— [D, cos 6z + 4V;sing|z|] (62b) 
0 
I,(z) In 4 + T(z) ao = I3(z)ao 
—jAn 
= [D2 cos Bs — 4V3 sin | z{|| (62c) 
0 
where a> is defined in (58b) and 
D, = Ci — Ca, Dz = C2 — C3. (63) 
In terms of the additional notation 
a2 = ayay (64a) 
aay = in 2 eine (64b) 
a 
2b 
a4 = ago +21n2 = 2In— (64c) 
a 
the solutions of (62a)—(62c) are as follows: 
a 14 2a oD 3D: 
T(z) = I7(z) mean! “I( ba ‘) cos Bz 
a2 Fo a2 
1 2anV 4 = asV 3 4 
=i ) sing z | | (65a) 
2 as 
Q3a jir a 
Ta(2) = Tp(2) —— + zi (((Dy — sDevcosiee 
a2 0 Qe 
+ 4(Vit+ Vs) sin B| z| | (65b) 


a4 


I3(z) = I 7(z) 


ae =| (“4 =) sakes 


a2 0 Qe 


1 Vi — 2aV: 
if (“ 1 Qo ‘ Sans | : | if (65) 
2, ay 


in |! 


eee 


Aheloy | 


ee, ee er tT Ye Le Se | 


The arbitrary constants D, and D2, may be evaluated 
by requiring the continuity of the scalar potential at 
z= +h. Since there are no impedances connecting the 
conductors at g= +h it follows that 


bit) = g2(h) = $a(h) (66) 


where the potentials are obtained as in (35a),(35b). Thus 


gi(h) = — Cy sin Bh + 4V1 cos Bh (67a) 
dx(h) = — C2 sin Bh (67b) 
$3(h) = — C3 sin Bh + 4V3 cos Bh. (67c) 
4 It follows that 
D, = C; — C2 = $V cot Bh (68a) 
Dz = C2 — C3 = — 4V3 cot Bh. (68b) 


If these values are substituted in (65a)—(65c) together 
with (44), wz., V3=—J3(0)Zz, all currents are com- 
pletely determined. The part of J7(z) that contributes 
to each is obtained from the well-known solution of (59). 

The driving point admittance of the series-loaded 
three-wire folded antenna shown in Fig. 4 is defined by 


I,(0) 
Vin a V; (69) 


where, from (65a), and with (64a), (68a), (68b) and 


V3= —1;(0)Z1, 


[2aoVi + a313(0)Zz]. (70a) 


ag JB, 
1,(0) = —Ir(0) — 


Q1 a2 


Note that from (65c) 


iB 
FA0= ra) ae [a3V + 2aol3(0)Zz]. (70b) 
ay a2 
. Also, 
ao 
Iz(0) = [Vi — I3(0)Zz]. (70c) 
aiZa 


In (70a) and (70b), the following shorthand is used: 


21 cot Bh 
By, = — cot Bh o 
0 


(71) 


mho. 


An explicit formula for J;(0) is readily obtained if (70c) 
is substituted in (70a) and (70b) and if the value of 
I;(0) obtained from (70b) is also substituted in (70a). 
The result may be expressed as follows 


ee = rn 


V4  aa(1 + Zz) 
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where Yj;n is the driving-point admittance of the three- 
wire antenna and 


il Qo 2 3 
yin ee 
Lid ay QA1Q4 
da Ao 2a9 
13 == | FD, ). (73b) 
Za \ar a104 


The several a’s are defined in (58b)—(58c) and (64a)— 
(64c); they involve only the dimensions 6 and a. Z,q is 
the impedance of a cylindrical antenna with effective 
radius d and length 24. It may be obtained from the ex- 
tensive tables!® to which reference has already been 
made. 

The input admittance of the three-conductor series- 
tuned folded dipole antenna shown in Fig. 4 is given by 
(72). Note that when Z,=0, (72) reduces simply to 


Vin =r2 (74) 
where 7 is given by (73b). 

The input impedance of the folded three-wire mono- 
pole with load Z;,/2 over a conducting plane (Fig. 5), is 
2Vin where Yin is given by (72). 

If the three conductors of the folded dipole are ar- 
ranged with a delta cross section as shown in Fig. 6 in- 
stead of in a plane as shown in Fig. 4, the input admit- 
tance may be obtained directly from (72). In this case 
the distance 0 replaces 26 in 72, so that r2,=75, which is 
equivalent to setting 


(75) 


Qh 3a 


a3 = a4 = Qo = 2In— ; 
a 


Fig. 6—Three-wire folded dipole with delta cross section. 
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and from (54) 
= (ab?)1/8, (76) 
It follows that the admittance is given by (72) with 


1 Bx 1 2Br 
Pawn aay ore hae 
When the load Z,=0, this reduces to (74) with m2 given 
by (77). 

Another related three-conductor folded antenna is 
shown in Fig. 7. It differs from the circuit in Fig. 4 in 
that Z,=0 and that the generator is in series with the 
middle conductor (No. 2) instead of with the outer con- 
ductor (No. 1). By the same procedure used in deriving 
(72) it is readily shown that 


I,(0 1 : 2 
ee =|<| = 7B 
V2 Za 


a1 Qi 


(77) 


(78) 


where a; and ay are given in (58c) and (64b), and By is 
defined in (71). As usual Zz is the impedance of a dipole 
of half-length h and effective radius d, in this case also 
given by (57). The admittance of the corresponding 
monopole over a conducting plane is twice the value for 
the dipole. 

Summary—Multituned Antennas: The analysis of the 
series-tuned three-wire antenna may be generalized to 
any number of wires, each series-tuned by an arbitrary 
impedance provided the maximum transverse dimension 
is sufficiently small compared with the wavelength as 


Fig. 7—Three-wire coplanar folded dipole with 
center conductor driven, 
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required in (1). For simplicity the present analysis has | 
been restricted to the three-element antenna with only 
one wire series-tuned. The effect of the series tuning is — 
readily seen in the expression (72) for the input admit- — 
tance. Since there is no restriction on the length of the © 
antennas, the theory applies directly to the electrically 
short multituned antennas useful in VLF transmission.”? 


Multiwire Transmission Lines 


End-driven circuits of the types shown in Figs. 8 and 
9 may be analyzed by methods similar to those described 
in the preceding sections. The circuit of Fig. 8 may be 
called a hybrid transmission line since the series load in 
one side unbalances the line and thus makes it radiate 
like a folded antenna. Although such unbalanced or 
hybrid lines can be analyzed formally’® to determine the 
driving-point impedance in terms of a driving voltage 
consisting of a discontinuity in scalar potential— V(—h) 
in Fig. 8—this may be of little practical significance 
owing to the fact that it is not possible to approximate 
such a voltage by coupling to a tank coil or connecting a 
transmission line across the terminals without thereby 
more or less completely altering the circuit. Such a 
coupled coil or feeding line cannot be located in the 
neutral plane of the radiated field, and thus must be- 
come an integral part of the radiating system. In other 
words, the circuit to be analyzed is, in fact, not that of 
Fig. 8, but that of Fig. 8 augmented by whatever con- 
ductors are attached to the lower end of the circuit. (Note 
that in the case of the folded antennas analyzed in con- 


By 


Tp (2) 


V (-h) 


Fig. 8—Two-wire side- and end-loaded hybrid transmission line. 


: * An alternative procedure is discussed in C. W. Harrison, Irs 
Approximate Theory of Multituned Antenna for VLF Transmis- 
ae Sandia Corp., Tech. Memorandum 362-58(14); September, 
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_ junction with Figs. 2, 4, 6, and 7, a two-wire line con- 
_ nected to the driving terminals is easily arranged in the 
neutral plane of the radiated field—such a location is 
implied in the analysis. ) 

Balanced circuits such as that shown in Fig. 9 are true 
sections of essentially nonradiating, multi-wire trans- 
mission lines. For them the methods used to analyze the 
circuits of Figs. 2—7 are applicable, but are greatly 
simplified owing to the absence of a radiating I7(z). 
This may be illustrated specifically for the circuit shown 
in Fig. 9 which is useful as a top-loading reactor and 
impedance transformer in the so-called “wedge” antenna 
in the field of missile telemetry. 

The essential condition that there be no radiation is 


Io(s) = I1(2z) + Io(z) + I3(z) = 0; Ja(z) = 0. (79) 


The location of the generator at one end of the line and 
the absence of any unbalancing load along its full length 
assures that (79) applies to the circuit in Fig. 9. In addi- 
tion, symmetry assures that 


Ii(z) = 13(2). (80) 
Continuity conditions for the scalar potential are: 
at z= h: oi(h) = go(h) = oa(h) (81a) 
atz=—h: V(—h) = $(—A) — ¢i(—A) 


= $2(—h) — ¢3(—h) (81h) 


where V(—h) is the driving voltage between the lower 
end of conductor 2 and the transverse short-circuit lead- 
ing to conductors 1 and 3. 


Fig. 9—Balanced three-wire line reactor. 
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Expressions for the vector potentials are solutions of 
(4) with arbitrary coefficients. Thus, 


A;(@) = A(z) = wi [C1 cos Bz + Cy’ sin Bz| 


(82a) 
vo 
A2(z) = ere [Cs cos Bz + Co’ sin Bz]. (82b) 


vo 


Since Ip(z)=0, the determination of the properties of 
an equivalent dipole is irrelevant and the entire solution 
is obtained, in this case, directly from the difference 
equations (62a)-(62c). Moreover, since I3(z) =1i(2), 
A;(z) = Ai(z), there is only one such equation, viz. 


T(z) ao ae T2(z) ao = I3(z) In 4 


—jAr 


[D, cos Bz + Dy’ sin Bz], (83) 


= Ti(z)ay = 


0 
where ay=2 In (b/a), a1 =3a9— In 4=2 In (b3/2a3), as 


defined in (58b), (58c), and where Dj=Ci—C2, Dy’ 
=(C,'—(C,’. It follows that 


ed 
T(z) = pas [D1 cos Bz + Dy’ sin Bz] (84a) 
F0a1 
j8a 
In(z) = — 21i(z) = [D, cos 8z + Dy’ sin Bz]. (84b) 
01 


The constants D, and D,’ are readily evaluated from 
(81a), (81b) with ? 


$3(2) = ¢1(z) = — Cisin Bz + Cy’ cos Bz 
$2(z) = — Cysin Bz + C2’ cos Bz. 


(85a) 
(85b) 


Thus, from the equations obtained from (85a) and 
(85b) with z= +h, it follows directly that 


V(—A) 
eh 2 sin Bh ce 
V(—h) . 
D ! = CS frees G V — 2 86b 
: : : 2 cos Bh Seb) 


Hence, the final solutions for the individual currents 
are: 


jax V(—h) 
4 = sB(h — z 87a) 
@) Coa1 sin 2Bh ee ) ( 
—j8r V(—h) 
f = cos B(h — 2). 87b 
2(2) AS ABT B(h — 2) (87b) 
The driving-point admittance is 
I2(—h 8 
ina a atc 2 cot 26h 
V(—h) Soa 
—j cot 26h 
ee mho. (88) 
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This completes the analysis of the three-wire transmis- 
sion-line reactor shown in Fig. 9. Note that transmis- 
sion-line end effects and the finite length of the connect- 
ing terminations have been neglected together with 
ohmic losses and the small radiation losses from a bal- 
anced, closely spaced line. 


IJ. CrrcuLaAR ELEMENTS 


The Loop Antenna 


The analysis in Section I is concerned with antennas 
that consist of parallel, closely-spaced and variously 
interconnected and loaded linear elements. They are 
shown to be equivalent to a single dipole and a combina- 
tion of sections of transmission line. In this part the 
analogous problem of antennas that consist of parallel, 
closely-spaced, and variously interconnected and loaded 
circular elements is considered in terms of a simple 
special case, the circular folded dipole and monopole. 
Such circuits are equivalent to a single loop antenna and 
reactive sections of transmission line curved into a circle. 
A folded circular loop or Halo antenna is shown in Fig. 
10, and a folded half loop over a highly conducting 
plane in Fig. 11. 

The distribution of current in a single-turn loop an- 
tenna and its driving-point admittance have been 
studied by Storer,” for loops that satisfy the following 
conditions: 

a< b*; Brar< 1; BO 25 (89) 
where a is the radius of the wire, 0 the radius of the loop, 
and 6=27/X. His formula for the current as a function 
of the polar angle ¢ measured from the delta function 
generator at @=0 is the following fairly complicated 
expression: 


V ‘| 4 cos nd 2 
1) =} — 425 oo 
Jmoo \ ao 1 On ( No ) 
In | —— 
4.5 
Bb Bb 
[ (Fyne + (F “ya @ | 0 
4.5 
where 
l (=) ? _ 3.226 area 1 
n{ ——) = — — 3.226; a — 
4.5 2 ‘ a( a ) oe 
and a@-+-:a,, Ji(@) and Jo(d) are parameters that are 


defined and represented graphically in the Appendix; 


*3 J. E. Storer, “Impedance of Thin Wire Loop Antenna,” Cruft 
Lab. Harvard University, Cambridge, Mass., Tech. Rept. No. DAD 
May, 1955. Extensive curves and tables of admittances and imped- 
ances are given in this report. 
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— Coaxial Feed 


Fig. 11—Folded half loop over a highly conducting plane. 


I(@) is also shown for Q2=10. The driving-point admit- 
tance of the unloaded loop is 


[(2)10+() no). 9 


The admittance Yr, of a single-turn loop that is 
driven at ¢=0 by a voltage V; and is loaded at 6=7 by 
a lumped impedance Z, in series with the loop may be 
obtained from that of the unloaded loop by replacing 
the negative voltage drop across the load by an equiva- 
lent generator with voltage 


Vi= — ize (93) 


where J;(7) is the total current through Z; and then 
superimposing the currents J;(@) and Jo(@) maintained 


by Vi and V2. This procedure is represented schemati- 
cally in Fig. 12. If 


I (a) 
= TO (94) 
it follows from Fig. 12 that 
I3(0) = 11(0) + Io) = 11(0) + k22(0) (95a) 


Ts(m) = Ii(m) + 12(0) = 120) + 2140). (95) 
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The driving point admittance Y7z of the loaded loop in 
Fig. 13 is obtained by solving (95a) and (95b) together 
with (93) and the relation 


T,(0) 
Va= 96 
Rat yy, (96) 
The result is 
14+ Z,Vw(il — R? 
Yur, = Vio ee | (97) 
a Ar Van 


where VY, is given by (92) and & [as defined in (94) | is 
obtained from (90) with ¢=0 and d=7m. Viz in (97) is 
the final expression for the driving-point admittance of a 
circular loop antenna when a load Z, is connected in 
series at the point diametrically opposite the driving 
point. Such a load may be in the form of a tuning reactor 
or it may be the input impedance of a section of two- 
wire line. 

If the loop is open-circuited at ¢=7, Z,= ~ and (97) 
reduces to 


Vee ll =k"). (98) 


: The Admittance of the Halo Antenna 


The Halo antenna consists of a conventional two- 
conductor folded dipole antenna bent into a circular 
form as shown in Fig. 15(a). Such an antenna may be 
analyzed by superposition as shown schematically in 
Fig. 15. It is assumed that (89) is satisfied, and, in addi- 


_ ‘tion, that the distance c between parallel loops is suffi- 


ciently small so that 


Ber <1. (99) 

The folded dipole loop in Fig. 15(a) is driven by a 
voltage 2V at ¢=0 in one of the loops. It may be 
treated as the superposition of the loops in Figs. 15(b) 
and 15(c). 

In Fig. 15(b) the two parallel loops are driven by 
identical generators in phase and with voltage V. Equal 
symmetrical currents [ °(o) =12°(h) are excited and the 
potential difference between the two loops at any given 
value of ¢ is zero. Accordingly, the presence of a short 
circuit joining them at ¢=7 is of no consequence. The 
two loops individually correspond to the open-circuited 
loop in Fig. 14 and, just as in the case of symmetrically 
driven dipoles,** the two together are equivalent to a 
single loop with effective radius. 


d = Vac. (100) 


“4 R. W. P. King, op. cit., footnote Be os ee 
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Fig. 12—Superposition of two loops each driven at a single 
point to obtain a loop driven at two points. 


Fig. 13—Impedance-loaded single conductor loop. 


Vv 


Fig. 14—Single-conductor loop with gap. 


(a) 


Fig. 15—Principle of superposition applied to obtain the admittance 
of a folded-circular loop or Halo antenna. 
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The symmetrical admittance seen by each voltage V is 
I(0 1 

pare pal 

V 2 


(101) 


loo 


where Y,,, is given by (98) for a loop with radius d. 

In the circuit in Fig. 15(c) the two parallel loops are 
driven by voltages V that are equal in magnitude but 
opposite in phase. For such voltages the antisymmetri- 
cal currents in the two loops are equal and opposite 
In,4= —I,\* so that the loops behave like two short- 
circuited sections of transmission line connected in 
series with each other and the two generators. If ?<«<0’, 
the admittance of each section is approximately the 
same as if it were straight. That is, and neglecting ohmic 
resistance, 


T@(0)  —3 
Ty ee es S 


Y@ 


cot Bxrb (102) 


where R, = (0/7) In (c/a) =120 In (c/a) ohms. 

The admittance of the Halo antenna in Fig. 15(a) is 
defined by 
Tr 10) +1*0) 1 
an 2V Hae 


[y®) + Y@], (103) 


With (101) and (102) 


eee age + cor en} (104) 


c 


where Yj is given by (92) for a loop antenna of radius 
d; k is obtained from (94) with (90). 

For some applications it is advantageous to connect a 
lumped tuning impedance Z; between the adjacent 
ends at ¢=7 of the circular folded dipole. Such an im- 
pedance has no effect on the transmission-line currents 
I*(@) as obtained in Fig. 15(c). On the other hand, in- 
stead of the open-circuited loop of effective radius d rep- 
resented by Fig. 15(b), a similar loop with a connecting 
impedance Z, is involved in determining J*(#). In the 
determination of the admittance of the loaded Halo an- 
tenna, the formula 


Yo) = 1Vi, (105) 


must be used instead of (101). Yiz is given by (97). It 
follows that 


cot Brb 


ie | - J (106) 


Vur — al 
ee 4a a) 2R. 


is the driving-point admittance of the series loaded 
Halo antenna. 


Numerical Analysis of a Halo Antenna 


A Halo antenna is formed by bending into circular 
shape a conventional folded dipole (but with the outer 
extremities of the structure not brought in contact). 
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Therefore, it is of interest to compare the input admit- 
tance and impedance of a folded dipole before and after 
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it is bent into a Halo antenna. For this purpose consider | 


a folded dipole of length 24=)/2, or Bh=1/2, and effec- — 


tive radius d=-+/ac such that Q=2 In 2h/d=10. When 
the dipole is bent into the Halo configuration the corre- 


spouas dimensions are 27b=/2 or Bb=0.5, Q=2 In 


Irb/./ac=10. The admittance Yo and impedance Zp of 
a straight dipole with Bh =7/2 and 2=10 are”® 


(107a) 
(107b) 


Vo = (9.38— 7 4.52) X 10-? mho ~~ 
Zo = 86.5 + 741.7 ohms. 


The corresponding admittance of a single circular loop ~ 


with Bb=0.5 and Q=10 is obtained from (92). Refer- 
ence to Figs. 16-18 in the Appendix shows that for 
these values of 2 and 6d, the a coefficients are 


a 1 
— = 1.870 + 70.033 —_—= 


ao 


— 0.09 + 70.0 


1 
= — 0.675 + 70.050  —=—0.052+ 70.0 (108) 


a1 a4 
ae SAG Ue BY 
ate 
Also 
TCO as. eel ee (109a) 
J(0) = 0.34 Jea(r) = — 0.05. (109b) 
With these values, 
= (0558 = 70.133 
ee 
= (0.112 + 70.471) X 10-3 mho (110a) 
Zw = 478,6 — 2008 ohms (110b) 


The admittance and impedance of the open-circuited 
loop are obtained from (98) with 


= Pistieeaese eh = = S45: 9idioee 
— 0.558 + 70.133 
Thus, 
Vin = (0.112 + j0.471)10-*(— 24.29 — 711.43) 
= (2.66 — 12.72) X 10-8 mho (112a) 
Zio = 15.7 + 775.3 ohms. (112b) 


A comparison of (112b) with (107b) shows that the im- 
pedance of a straight dipole is greatly altered when it is 
bent into a circle with its open ends close together but 
not in contact. The resistance is decreased to about one 
fifth, the reactance almost doubled. 


) 


a a 
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(b) 


Fig. 16—(a) Real parts of the functions 1/ao, 1/a1, 1/a2. (b) Im- 
aginary parts of the functions 1/0, 1/ar, 1/a2. 


The admittance and impedance of the Halo antenna 
when Bb=0.5 and Y®=0 are obtained from (104). 
They are simply 


Va = 1V iw = (0.665 — j3.18) X 10-*mho (113) 


Za = 62.9 + j301 ohms. (113b) 


The corresponding values for the straight folded dipole 
are 


Vin = 4V@ = 4Yy = (2.34 —f1.13) X 10-$mho (114a) 


Zin = 4Zo = 346 + 7167 ohms. (114b) 
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Fig. 18—The functions Ji(¢) and J2(¢). 


The numerical values of the admittance and imped- 
ance of the Halo antenna may be modified by changing 
the values of the radius a of the wire and the distance ¢ 
between the parallel circular loops. Alternatively, a 
lumped series tuning reactance Z, =jX , may be used in 
place of an open circuit between the adjacent ends of the 
Halo structure. In this case the admittance is obtained 
from (106) instead of from (104). 

This completes the analysis of the Halo antenna 
shown in Fig. 10. The impedance of one half of this 
structure over a conducting plane as shown in Fig. 11 is 
obtained by dividing the impedance of the Halo antenna 
by two. 
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Fig. 19—(a) Real and imaginary components of current distributions Fig, 20—(a) Magnitude and phase of current distributions on small 
on small loop antennas. Q9=2 In (27b/a) =10. (b) Real and imagi- loop antennas. Q=2 In (27b/a) =10. (b) Magnitude and phase of 
nary components of current distributions on loop antennas, current distributions on loop antennas. Q=2 In (27b/a) =10 
Q=2 In (27b/a) =10, : 
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APPENDIX 


The several parameters that occur in Storer’s formula 
(85) for the current in a circular loop are defined as fol- 
lows: 


2 


Bb n 
a ae gc w—l) a 


where 


Knzi me 1 == Qon41(28b) + jFon41(28b), 


1 8b 1 2B 
Ko = — In — — st f Qo(x)dx 
0 


T a 


n>0O (A-2) 


+if ~ Fea)ae |, (A-3) 


Qoni1(x) is the Lommel-Weber function of order 2n+1 
(tabulated in the Johnke-Emde Tables of Functions) ; 
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Jon41(x) is the Bessel function of the first kind and order 
2n-+1. Graphs of the function a, are in Figs. 16 and 17. 
The functions Ji(@) and J2(p) are defined by the in- 
tegrals, 


-} no 
In (*) 
4.5 cos (4.5¢) 


Ji(¢) — is ‘ ax (A-4) 
In (“) —Inx i 
0 NEES 
. “0 4.5 
Jo(¢) = it —_ de (A-5) 


where = (2b/a) e~’, y=0.5772 - - - .. They are repre- 
sented graphically in Fig. 18. Note that J2(0)=3. The 


-distributions of current as determined from (90) are 


shown in Figs. 19(a), 19(b) and 20(a), 20(b) for Q=10 
and 0.1<8b<1. 


Sidelobe Reduction by Nonuniform Element Spacing* 


ROGER F. HARRINGTON{, MEMBER, IRE 


Summary—A perturbational procedure for reducing the side- 
lobe level of discrete linear arrays with uniform amplitude excitation 
by using nonuniform element spacing is presented. The calculation of 
the required element spacings is quite simple. The method can reduce 
the sidelobe level to about 2/N times the field intensity of the main 
lobe, where N is the total number of elements, without increasing 
the beamwidth of the main lobe. Several examples are given. 


I. INTRODUCTION 


HE principal uses of antenna arrays are 1) to pro- 
> Pete power gain and 2), to give directive patterns. 

The first objective can be achieved by the so- 
called uniform array, which is an array of uniformly- 
spaced and uniformly-excited elements. However, the 
first sidelobe of a uniform array is only about 13.5 db 
down from the main lobe level. This is undesirable for 
many directive applications, such as in radar and in di- 
rection finding. The sidelobes can be reduced to any 
desired level by tapering the amplitude of the excitation 
of the elements.!:? However, tapering the excitation re- 
quires a complicated feed system, and also increases the 


* Received by the PGAP, August 12, 1960; revised manuscript re- 
ceived, October 10, 1960. This work was sponsored by Rome Air 
Dev. Center under Contract No. AF30(602)-1640. 

+ Dept. of Elec. Engrg., Syracuse University, Syracuse, N. Y. 

1S, A, Schelkunoff, “A mathematical theory of linear arrays,” 
Bell Syst. Tech. J., vol. 22, pp. 80-107; January, 1943. — - 

2 ¢. L. Dolph, “A current distribution which optimizes the rela- 
tionship between beamwidth and sidelobe level,” Proc. IRE, vol. 
34, p. 335; April, 1946. 


main beamwidth. The use of arbitrary element positions 
for pattern synthesis purposes has been suggested by 
Unz.’ A recent paper by King and others proposes the 
use of nonuniform element separation to reduce grating 
lobes. These are secondary lobes equal in amplitude to 
the main lobe which can occur in uniform arrays with 
large element spacings. King also notes that some pat- 
terns have sidelobes below those for uniform arrays, 
and hence nonuniform element spacing can be used to 
reduce sidelobes. 

This paper presents a method for reducing sidelobe 
levels by using nonuniform element spacing, while re- 
taining uniform excitation. It is shown that the side- 
lobes can be reduced in height to approximately 2/N 
times the main lobe level, where V is the number of ele- 
ments. At the same time the beamwidth remains essen- 
tially the same as for the uniform array. 


II. Bastc THEORY 


Fig. 1 shows the array geometry for the cases: (a) 
even number of elements, and (b) odd number of ele- 
ments. The N elements are not necessarily equally 


3H. Unz, “Linear arrays with arbitrarily distributed elements,” 
IRE Trans. ON ANTENNAS AND PropacGatTion, vol. AP-8, pp. 222— 
223; March, 1960. 

41D, D. King, R. F. Packard, and R. K. Thomas, “Unequally 
spaced, broad-band antenna arrays,” IRE TRANS. ON ANTENNAS 
AND PROPAGATION, vol. AP-8, pp. 380-385; July, 1960. 
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spaced, but are assumed to be symmetric about the 
array center. The excitation is such that all elements are 
fed equal amplitudes, and progressively phased so that 
the field from all elements adds in-phase in a direction 
6, forming the main beam. Hence the phase of the mth 


element is 


2 
an, = — = dyn COS 4, (1) 


where \ is the wavelength and d, is the distance of the 
nth element from the array center. In order to treat 
arrays with odd and even numbers of elements simul- 
taneously, the following summation convention will be 
used. For an even number of elements 

N-1 


)pmeans*. = D>iae5 (2) 


n=1,3,5,-°° 


that is, summation extends over only odd integers 
smaller than the number of elements in the array. For 
an odd number of elements, 

N-1 


Ds means > ; (3) 


n=0,2,4,-°* 


that is, summation extends over only even integers 
smaller than the number of elements in the array. 


Array 


Fig. 1—Array geometry. (a) Even number of elements. 
(b) Odd number of elements. 


If the elements are uniformly spaced a distance d 
apart, then d, =nd/2, and the normalized field pattern 
is® 


1 1 sin (Nu/2 
ees Se ayigy eae Rs 
N n N sin (u/2) 
where 
Qa 
“= e d (cos 8 — cos 4). (5) 


5 J. D. Kraus, “Antennas,” McGraw-Hill Book Co., Inc., New 
Work sNieY<s p70; 1950. 
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If the elements are nonuniformly spaced, a convenient 
“base separation” d can be picked, and the element 
spacing expressed as 


ce (= fe cd (6) 


In other words, €, is the fractional change from uniform 
spacing. The normalized field pattern is given by 


r-tzal[(i+ jo 


This can be put into a more convenient form by sepa- 
rating out the pattern of a uniform array having ele- 
ment separation equal to the base separation. 


1 U 
E=&:,-— sin €,u sin m — 
ql 5 


+ (1 — cos e,u) cos ni), (8) 


where E, is the uniform array pattern, given by (4). 
The undesirable feature of the uniform array for di- 

rective purposes is that the sidelobes near the main 

beam (#=0) are too high. The summation term of (8) 

can be used to reduce these side lobes. If all e,u are 

assumed small, (8) reduces to 

B= By-— Desi (9) 


AV. Son 


which can be rearranged to read 


: un WN 
ye. sin > = — (ee - (10) 
n 2 Uu 
The e, are then given by the formula for Fourier coeffi- 
cients: 
2N f° 


u 
€, = — — (E, — E) sinn — du. 
Tv 0 Uu 2 


(11) 


Hence, if one assumes a desired pattern £, fractional 
changes in element spacing from uniform spacing can be 
calculated by (11). The approximation is restricted to 
small ¢,”, and minimizes the net mean square error in 
the desired (E,—£)/u. Note that the fractional change 
in position of each pair of elements determines the am- 
plitude of one term in the trigonometric series (10). 


III. MretTHop oF REDUCING SIDELOBES 


Fig. 2(a) shows the field pattern EF, for a uniform ar- 
ray, specifically for a 12-element array. Suppose it is de- 
sired to reduce the first sidelobe to the level of the 
second. The desired field E then follows the dashed 
curve of Fig. 2(a). The quantity (E,—£)/u is shown in 
Fig. 2(b). One can now evaluate (11) for the necessary 
changes in element spacing, which gives a least-mean- 
square approximation to Fig. 2(b). However, an even 
simpler procedure can be used, as follows. 
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q Instead of the exact corrective term of Fig. 2(b), sup- If one then wishes to reduce the second sidelobe, a 
_ pose an impulsive function is taken. To correct the first second impulse function can be added to the corrective 
sidelobe level one can choose an impulse function to term. This is positioned at the new second sidelobe 
reduce the peak of the sidelobe, as represented by the peak, which is slightly changed from its position for the 
heavy arrow in Fig. 3(a). Eq. (11) is a finite Fourier uniform array. Fig. 4(a) represents by arrows the two 
series; hence, the resultant corrective term will be a impulse functions required to reduce the first two side- 
smoothed-out function, as shown in Fig. 3(a). The lobes. The curve of Fig. 4(a) shows the resultant smooth 
4 strength of the impulse function determines the amount corrective term obtained from (11). Figure 4(b) shows 
_ of sidelobe reduction effected, and can be determined the final nonuniform array pattern, with the first two 
by trial. The resultant pattern is shown in Fig. 3(b). sidelobes down more than 19 db from the main lobe 
The necessary fractional changes in element position level. The necessary fractional changes in element posi- 
from uniform spacing are summarized by the table in- tions from uniform spacing are shown in the table in- 
cluded in Fig. 3(b). cluded in Fig. 4(b). Note that the main beamwidth is 
. virtually unchanged from that of the uniform array. 
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Fig. 2—(a) 12-element array. Uniform array field pattern Z, shown 
ae solid, desired pattern E shown dashed. (b) The function (E,—E£) /u. 
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Fe ere ation is A sa by the arrow. (b) The the impulsive approximation is represented by the arrows. (b) The 


resultant field pattern. resultant field pattern, 
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The mathematical formulation of this method of side- 
lobe reduction is as follows. Let the corrective impulse 
functions be ordered 1, 2, 3---, counting from the 
origin, let “, denote the position of the kth impulse, and 
let a; denote the strength of the kth impulse. Then the 
impulsive corrective term is 


es > a, 8(u — ux), (12) 
u 


where 6 is the unit impulse function and K is the number 
of impulse functions used. Application of (11) to (12) 
gives 


(13) 
TW k=1 UK 

The number of sidelobes that can be reduced by this 

method, as well as the amount of sidelobe reduction, is 

restricted by the condition that all €,« are assumed small 

in the derivation, at least over the range for which the 


correction is desired. The check on the validity of this 


assumption, and also the choice of a;, are best made by 
trial. 

In the design of large arrays, some time can be saved 
by reducing a number of sidelobes simultaneously, and 
then adding additional correction later if necessary. In 
the uniform array pattern the sidelobe maxima are po- 
sitioned approximately at 

Sh 1) (14) 
hi = — 5 
N 
Hence, (14) gives the positions of the necessary impulse 
functions. Also, the sidelobes adjacent to the main lobe 
drop off as 1/u, so the a, of (13) can be assumed to be- 
have in this manner. Then (12) becomes 


cae unes oy (<1 a[ w— = (on »|, (15) 


UU" f=1 


where A determines the amount of correction to be ap- 
plied. Similarly, (13) becomes 


nT 


sin 


PTL IN SES 2N 
od (= —1)k 
: fe) 2 ( Oke 1 


(2k + 1) 


(16) 


Both K (number of sidelobes reduced) and A (amount 
of reduction) are restricted by the assumption of small- 
ness of e,u. Again the final restriction on A and K 
should be found by trial. Experience has shown that side- 
lobes can be reduced to the level of those of EF, in the 
vicinity of w=7/2. At u=7/2 the sidelobe level of EF, is 
about 2/N times the main lobe level. 

Reducing the sidelobe level in the region u<7/2 has 
but little effect in the region 7/2<u<7. However, in 
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the region <u, the sidelobes tend to become large. 
Fig. 5 shows the field pattern for the final 12-element 


nonuniform array designed above, carried out to “=27. 


M. ee t 
\ 
A 


All lobes are shown positive, as is conventional for field _ . 


patterns. Note that the “grating lobe” that the uniform 
array would have at u=27 is absent from the nonuni- 
form array pattern. This is the effect in which King, 
et al., were interested.* 


The reason for higher sidelobes in the region u>a is. 


evident from (9). The uniform array pattern EZ, has odd 
or even symmetry about «=7, according as the number 
of elements N is even or odd, respectively. The correc- 
tive term of (10) is even about ~=7 when EL, is odd (NV 
even), and vice versa. Hence, from (9) it follows that a 
small decrease in a lobe at some u=u;, <7, results in a 
larger increase in the corresponding lobe at u=2r—Uu,. 
Hence, by decreasing sidelobe levels u<a, one neces- 
sarily increases them in the region u>z. 


fo) . oe E - 


Fig. 5—The final 12-element nonuniform array pattern for 0<u<2z. 
The e, are given in Fig. 4(b). 


IV. ADDITIONAL EXAMPLES 


To further illustrate the method a 24-element array | 


was considered. The uniform array pattern is shown in 
Fig. 6(a). The first four sidelobes were then simul- 
taneously reduced, using (16). The result is shown in 
Fig. 6(b), and the necessary fractional changes in ele- 
ment positions are given in Table I. Note that the sec- 
ond sidelobe is higher than the others. This is a general 
characteristic of the method, and is due to the shift in 
position of this lobe toward the main lobe. To further 
correct the second sidelobe, an additional impulse func- 
tion was added at the new second sidelobe position. The 
resultant field pattern is shown in Fig. 6(c), and the 
necessary fractional changes in element positions are 
given in Table II. Note that the sidelobe level is now 
down about 22 db from the main lobe, which agrees 
with the previous estimate of 20 log 2/N. 

To give a clearer picture of the character of the shift 
in position of the elements, Fig. 7 shows scale plots of 
the element positions for both the uniform array, Fig. 
6(a), and the final nonuniform array, Fig. 6(c). Note 
that the elements are first shifted closer together, and 
then farther apart as one proceeds outward from the 
array center. This appears to be generally true, regard- 
less of the number of elements. Fig. 6(d) shows the pat- 
tern for the same array in the range t<u<2r, 
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Fig. 6—(a) 24-element uniform array pattern. (b) The nonuniform array pattern obtained by simultaneously reducing the 
first four sidelobes. (c) Further reduction of the second sidelobe. (d) The pattern of (c) in the range r<u<2r. 


TABLE I 
€,’S FOR THE ARRAY OF FIG. 6(B) 


13 15 17 19 Fk 23 


1 3 5 eh 9 11 
=—Osoo2 je O 5457 0 2230) 1-0) 234 1-0 813.5230) 


—0.255 | —0.457 | —0.615 | —0.662 | —0.613 


| —0.077 
TABLE II 
€,’S FOR THE ARRAY OF FIG. 6(C) 
1 3 5 if 9 11 13 iS) yf 19 21 23 
—0.048 —0.176-| =0.354 So enl==0F605) Im=O0vOl6 | =0.6224) —00541) —0..328 | --0.153: |) =-0.780: |) F-12253 
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Fig. 7—Comparison of (a) uniform element spacing, which gives 
Fig. 6(a), with (b) nonuniform element spacing, which gives 


Figs. 6(c) and (d). 
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The amount of sidelobe reduction attainable by this 
method is still larger for end-fire arrays under the so- 
called “increased directivity” condition.® In this case the 
progressive phase shift between elements, given by (1), 
is made even greater than under ordinary end-fire con- 
ditions. In particular, an additional phase shift equal to 
2.94/N is added to the phase shift needed for end-fire 
operation. In this case the point «=0 is never reached, 
and the main beam is lower in proportion to the side- 
lobes. Fig. 8(a) shows a uniform 24-element array pat- 
tern under the increased directivity condition. The first 
sidelobe is down less than 10 db from the main lobe. 
Fig. 8(b) shows the pattern of the nonuniform array of 
Fig. 7(b) under increased directivity conditions. All 
sidelobes are now down more than 18 db from the main 
lobe. While the array of Fig. 7(a) is close to the maxi- 
' mum end-fire directivity for uniform arrays, it is evident 


that even higher directivity could be obtained from the 


nonuniform array by further increasing the progressive 
phase shift. 


V. Discussion 


The above procedure for reducing sidelobe levels is 
relatively simple. Element positions can be calculated 
quite quickly by computers, even for large arrays. 
There are no simultaneous equations to solve, as is 
characteristic of other methods.? Also, control of the 
pattern at specific points is attained by the above 
method. The final patterns are, however, not optimum 
in the sense that Tchebycheff patterns are.? It appears 
unlikely that a simple optimization procedure can be 


§ Tbid., p. 81. Also, W. W. Hansen and J. R. Woodyard, “A new 
principle in directional antenna design,” Proc. IRE, vol. 26, pp. 
333-345; March, 1938. 
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Fig. 8—lIllustration of sidelobe reduction under the increased direc- 
tivity condition. (a) Uniform array pattern. (b) Nonuniform ar- 
ray pattern. 


devised for nonuniform arrays because of the nonlinear 
character of the basic equations with respect to element 
position. More work might be done along this line. 

The amount of reduction in sidelobe level attainable 
is quite significant, especially for large arrays. The im- 
plementation of nonuniform element spacing in practice 
is often simpler than the commonly employed ampli- 
tude tapering. Also, the high-power capabilities of an 
array having all elements fed equally are better than 
when amplitude tapering is used. It appears that serious 
consideration should be given to sidelobe reduction by 
nonuniform element spacing whenever large arrays are 
designed. 


CORRECTION 


R. C. Hansen, author of “Gain Limitations of Large 
Antennas,” which appeared on pages 490-495 of the 
September, 1960, issue of these TRANSACTIONS, has 
called the following correction to the attention of the 


Editor. 


In column 1, p. 495, formula 20, 


Jy (ru? — C?) 


F(u) = 


See ) 


pV — OP 


should read 


Jy (avV/u? — C2) 


F(u) = 


[rV/u? — C2] 
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Photoconductive Modulation of Microwave Electric Fields* 


W. E. BULMAN}, sENIoR MEMBER, IRE, B. C. POTTS{, MEMBER, IRE, AND R. B. GREEN{ 


Summary—Thin films and coatings of photoconductive cadmium 
sulfide material are being used to modulate electric fields. This paper 
analyzes these films in terms of the physics involved and the effect 
upon microwave fields. Experimental procedures show the validity 
of the analyses and indicate possible applications of the principle. 
Practical significance of the technique is illustrated by experimen- 
tally determining the areas of a particular flat plate that produce the 
‘first sidelobe of the scattering pattern. 


INTRODUCTION 
fe al cha materials are known to yield substan- 


tial changes in conductivity upon irradiation 
by light of sufficiently small wavelength. This 
mechanism offers a method for producing periodic varia- 
tions of the conductivity which leads to.a modulation of 


the diffraction field when an electric field is incident 


upon the material. Such modulation has proven useful 
in microwave scattering measurements. _ 

The principal use, to date, of photoconductive modu- 
lation has been that of modulating the energy being 
scattered from a small area of an object. The purpose, of 
course, is to “code” the scattered energy from the given 
area so that, in conjunction with a proper detection sys- 
tem, the contribution of the given area to the over-all 
scattering pattern of the object may be determined. 

In general, thin films are used in practical measure- 
ments, as described above, so that the incident field is 
only slightly perturbed by the presence of the photo- 
conductive modulator. The thin films, as small panels, 
have been analyzed by utilizing the concept of polariza- 
tion currents to determine the problems involved in 
using the photoconductive modulator and the radiation 
patterns of the panels. 

Experimental results of using photoconductive modu- 
lator panels have verified theoretical results as to the 
properties of the panels. Furthermore, the application 
of the photoconductive materials as coatings has led to 
some interesting results which indicate that the coatings 
may be of most practical interest in the future. 


PHENOMENOLOGICAL THEORY 


Photoconductivity is the increase in the electrical con- 
ductivity of a material caused by incident radiation. The 
effect is observable to some degree in almost all semi- 


~ conductors and insulators. The direct effect of the radia- 


tion is to increase the number of mobile, or free, carriers 


* Received by the PGAP, January 12, 1960; revised manuscript 
received, July 13, 1960. This research was supported by the Wes: 
Air Force under Contract AF 33(616)-5341, in cooperation with the 
Wright Air Development Center of the Air Research and Develop- 
ment Command. i 

+ Ohio Semiconductors, Inc., Columbus, Ohio. 4 

¢ Antenna Lab., The Ohio State University, Columbus, Ohio. 


in the material. The additional carriers then represent a 
change in conductivity. Upon removing the radiation, 
the carrier concentration will return to its equilibrium 
value in a period of time which varies from material to 
material and with the level of radiation. Although this, 
in general, explains the process, the phenomenon in- 
volved deserves to be treated in more detail. 

If a photon is absorbed in a crystal of material it may 
have a high probability of producing a hole-electron 
pair, provided its energy hf>E,; where h is Planck’s 
constant, f is the frequency, and FH, is the energy gap 
between the valence and conduction bands. Both the 
hole and the electron will contribute to the conduc- 
tivity until they combine with each other. The rate of 
change of electron concentration, », for a uniform 
crystal is given by [1 | 


dn 

— = L—Anp=L— An’, (1) 
dt 

where L is the number of photons absorbed per unit 

volume per unit time, A is the recombination coeffi- 

cient, and # is the number of holes per unit volume. If 

we assume 2~0 when ¢=0, then from (1) 


63 ala 4 
n= We tanh (/LA ?) 


now as [> 0, n>V/L/A. 
If the light is suddenly removed at t=7, the decay 
of the added carrier concentration may be described by 


(2) 


No 


a eer paren 


(3) 


no 


where 7p is the concentration of carriers at =T. 

It is important to note that material models with car- 
rier trapping centers and with concentrations of im- 
purities are not treated here in order to explain detailed 
photoconductive behavior. For our purpose it is suff- 
cient to point out that the photoconductive mechanism 
provides a method by which the concentration of charge 
carriers can be altered significantly in a repetitive man- 
ner. This point of view is justified if the light intensities 
used cause the rate of excitation to be so high that these 
minor phenomena have little effect upon the maximum 
carrier density. 

With the variation in the number of carriers consid- 
ered, we can proceed to account for the change in a, the 
conductivity, as a function of N=n. 

The general case of conductivity may be illustrated 
by means of a calculation involving the free electron 
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when subjected to a time-dependent electric field. The 
net effect of collisions with the crystal lattice may be re- 
garded as a damping force on the electronic motion. The 
equation of motion for such an electron then becomes! 


(4) 


where 


m==mass of the electron, 
7#=electronic displacement vector, 
7=time between scattering collisions, 
e=electronic charge, and 


H=electric field vector. 


In the usual manner, a solution of the form 7= Ae~** 
is assumed. 

In order to consider the current density, it is neces- 
sary to evaluate the electronic velocity, v=d7/dt, and 
one finds 


ar eE 
v= — 


di To~ inn 
MT ( + =) m (0 + =) 
72 T2 


The current density is defined as the flow of charge 
per unit time through a unit area, J= Ned; so now, by 
comparison with the definition of conductivity, J=cE£, 


and (5), 
Ne? 1 ; 
oo + ja : 
1 i 


m (ot + 5) 


Whether the real or imaginary part of the conduc- 
tivity is dominant at a particular frequency depends on 
the relative value of w and r. In the case of cadmium 
sulfide, which is of primary interest in the experimental 
investigations covered by this paper, calculations based 
on a value of carrier mobility reported by Reynolds [2 | 
yield a value of r=2.8 X10-“ seconds. Now referring to 
(6), it can be seen that at f=10kMc, 1/7>>w. Thus, at 
X band frequencies the electromagnetic conductivity of 
CdS is essentially real and may be represented by 


jock (5) 


(6) 


Ne?r 
teens (7) 


m 


We have shown that as the excitation L varies, N=n 


‘For a similar development see J. A. Stratton, “Electromagnetic 
Theory,” McGraw-Hill Book Co., Inc., New York, N. Y., p. 326; 
1941. 
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varies accordingly by (2) and (3), and the conductivity 
then varies as shown in (7). If we generalize the dielec- 
tric constant of the photoconductive material, we may 
write a complex dielectric constant 


o 
(1 -j-), 
Wwe 


where « is the real dielectric constant of the material. 
Thus, as o is varied the imaginary part of the complex 
dielectric constant will change correspondingly. 

On the basis of (2), (3), (7), and (8), we can theoreti- 
cally predict that a periodic variation in the intensity 
of a light beam which impinges on a cadmium sulfide 
layer will produce a corresponding periodic variation in 
the complex dielectric constant, «*, of the layer. 


(8) 


o 
= ¢€ >= 
jo 


CHARACTERISTICS OF PRACTICAL MATERIALS 


While the phenomenological theory of the photocon- 
ductor shows that modulation of microwaves is possible, 
experimental determination of the necessary conditions 
under which the photoconductive material should be 
operated is essential. The main difficulty is that single 
crystals of photoconductive materials are not generally 
available in practical sizes; thus, powders mixed in a 
resin matrix material are usually used. In preliminary 
studies, waveguide measurements were made on cad- 
mium sulfide, lead sulfide, zinc sulfide, and silicon. While 
some effect was obtained in most cases, large changes 
in the microwave properties of cadmium sulfide at visi- 
ble light frequencies resulted in the selection of this ma- 
terial for initial experiments. 

The results of a 10.0-kMc RF transmission through a 
4-inch square panel of cadmium sulfide as a function of 
light intensity are shown in Fig. 1 for the static case, 
1.e., no light modulation. The panel used in this case 
consisted of a 0.007-inch layer of cadmium sulfide upon 
a 0.009-inch plastic sheet. The results of Fig. 1 show that 
a large nonlinear change in transmission occurred with 
increasing light intensity for low illumination. This non- 
linear relationship was probably due to the presence of 
trapping levels in the cadmium sulfide. At higher light 
intensities, the transmission change became linear with 
light intensity, as expected from considerations of simple 
intrinsic photoconductors. 

To determine the effect of the decay times associated 
with photoconductive cadmium sulfide, an experiment 
was performed using various light-modulation frequen- 
cies in the test arrangement of Fig. 2. The relative am- 
plitude of the light modulation is shown in Fig. 3 as a 
function of frequency from 10 to 400 cps. From Fig. 3 
it is apparent that in using this material, light-modula- 
tion frequencies of less than 30 cps should be used. 
Other materials which could be used at higher modula- 
tion frequencies had relatively low changes in micro- 
wave characteristics as a function of light intensity. 
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_ Fig. 1—10-kMc RF transmission through a 4-inch square panel 
_ coated with F2103 cadmium sulfide, as a function of light in- 
tensity. 
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Fig. 2—Experimental arrangement for transmission studies. 
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Fig. 3—Dependence of 10-kMc transmission characteristics of F2103 
cadmium sulfide upon light-modulation frequency. 


VoLUME POLARIZATION CURRENTS 


To apply the above discussion to an analysis of the 
_ panel, the concept of polarization currents is used. A 
' general discussion of this concept has been given by 
~ Rhodes [3] and the results will be reviewed here. 

The total electric field E‘ in the vicinity of a scatter- 
ing object is given by the sum of the incident field E' 
and the scattered field E*. Maxwell's equations in the 


object are: 
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V x Et = — jopH', (9) 
V 4 Ht = jwes* Et = jJweoE* + jw(e* er €0) E', (10) 


where «* is the complex dielectric constant of the ob- 
ject. The term jw(e*—e€o) EH’ is called the polarization 
current. 

The scattered field E* at any point may be obtained 
in terms of the polarization current as 


* 


€1" — € 
Es = | ose f E''pdo' Al (aE vyas |, (11) 
Are V 8 
where 
e 1Bor 
= , 
rT 


y=distance from a point in the scatterer to a point 
P in space, and equaling 


VE S28)" Se e')2, 


Bo=phase constant of free space (27/0) =w+/eu, and 
n=outward pointing normal. 
The primes indicate operations with respect to the co- 
ordinates of integration, and Fig. 4 shows the geometry 
involved. 
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Field 


Fig. 4—Geometry for radiation from panel in terms of volume 
polarization currents. 


For the low percentage modulation usually involved, 
the scattered field within the panel will be small com- 
pared to the incident field; this makes H'~E’' within the 
panel. Furthermore, for thin panels £’ is constant in the 
x direction within the panel and the volume integral 
may be replaced by a surface integral, and the surface 
integral by a line integral. 

Using the approximations above, the scattered field 
becomes 


i. 
ray | pte [yas + f vival 
s ly 


4tre 
- f vvai}. (12) 
ly 
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Fig. 5—Magnitude variation of the radiation pattern for a 4-inch square panel at 9.3 kMc. 


It is apparent that the scattered field will contain a mod- 
ulated portion when «* is modulated. If one solves for 
the E, component of the field in the plane x =0, the fol- 
lowing approximation may be obtained: 


te tKi 2, 1/2 1/2 
oe. | f vax'ay'|. (13) 
—1/2 


Arreg —1/2 


EVALUATION OF THE RADIATION INTEGRALS 


By means of approximation, the integrands of the 
radiation integrals were reduced to e—’*"/r. Integrals of 
this type may be evaluated approximately to varying 
degrees of accuracy by rather well-established methods 
[4]. By writing them in the form of Fresnel integrals, 
the calculated pattern of Fig. 5 was obtained. This is 
compared with experimental results obtained by prob- 
ing behind a 4-inch square thin panel of cadmium sul- 
fide material. As can be seen, there is good agreement 
between calculated and experimental results. 


EXPERIMENTAL DETERMINATION OF THE 
MopuLATION MECHANISM 


The most direct method of determining the on-axis 
scattered field predicted by the polarization current 
analysis of the thin photoconductive panel is to measure 
the modulated component of the field from the front 
and back side of a panel, as shown in Fig. 6. The results 
of probing at the same spacing in front of and in back 
of the panel are shown in Fig. 7. These results indicate 
that the panel “radiates” equally in both directions as a 
result of the modulated polarization-current. Variations 
between the two patterns of Fig. 7 are probably due to 
the disturbance of the incident field by the probe horn. 

Another measurement technique which eliminates 
the perturbation of the field by the horn may be used 
to justify the uniform polarization-current approach to 
the thin photoconductive panel. This method makes 
use of the standing-wave effect next to a flat conductor, 
as shown in Fig. 8. 

Now if one assumes volume polarization currents, the 
radiated fields depend on panel excitation. Since the 
modulated components of the total or exciting field with 
the panel present are small compared to the unmodu- 
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Fig. 6—Method of determining the radiation field of 
a photoconductive panel. 
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Fig. 7—The modulated fields of a 4-inch square photoconductive 
panel measured in parallel planes two feet on each side of the 
panel. 
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Fig. 8—Effect of standing wave on panel excitation. 


lated incident field, only excitation caused by the total 
unmodulated field need be considered. Restricting the 
discussion to panel-plate spacings d of less than }/2, 
the excitation is given by —2£p sin 27d/X sin wt. The 
quantity 2H» sin 2rd/\ gives the usual standing-wave 
magnitude caused by an incident wave Eo. The time 
dependence —sin wt is found from the fact that within 
the spacings considered, the phase of the standing wave 
is essentially constant and leads the phase of the inci- 
dent field at the plate (cos wt) by 90°. 
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The panel hypothetically “radiates” with equal in- 
tensity in both directions. Thus, the total field to the 
left of the panel is made up of the direct “radiation” to 
the left plus a reflected component related in phase by 
(180° —4id/X). The total field produced by the uni- 
form volume polarization currents is then 


2rd 4nd 
E = — 2Eym(t) ae sin’ wt — sin (. = =) (14) 


where 


6= “radiation” efficiency, 
m(t) =modulation function, and 
Eo=magnitude of the incident field. 


An experiment to determine if (14) does yield the cor- 
rect result was conducted. The method used was to 
transmit an unmodulated field normal to a large flat 
plate, setting up a standing wave. The modulated panel 
was then moved various distances from the plate in the 
standing wave. At each distance the relative magnitude 
of the modulated component of the received field was 
recorded. The results are shown in Fig. 9 along with 
those calculated by (14). These results verify that the 
uniform polarization current approach to the thin photo- 
conductive panel is valid. 
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Fig. 9—Radiation field of panel. 


Tue MopuLATED WINDOW TECHNIQUE 


Pittman [5] investigated a modulated window tech- 
nique which would modulate the incident electric field 
on small areas of a scattering body. Bulman [6] how- 
ever, conceived the photoconductive film using cad- 
mium sulfide that has been used successfully in this ap- 
plication. The methods of preparing these cadmium sul- 
fide panels have been described by Crawford [7]. 

As described previously, the principle of the photo- 
conductive modulated window is that it will “radiate” 
a modulated component proportional to the amplitude 
of the total field in the plane of the panel. When the 
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panel is positioned relatively close to a complex scatter- 
ing object and the object is illuminated by a plane wave, 
the signal detected at any aspect will consist of two com- 
ponents. Because the thin panel does not disturb the 
incident field appreciably, there is a large unmodulated 
component, and there is also a small modulated com- 
ponent “radiated” by the panel. If the two components 
are mixed in a crystal detector, which squares the sum 
of the two components, and the crystal output is fed 
through a selective amplifier, then the output of the 
amplifier can be shown to be 


Vo = REnE,m(t) cos 8, (15) 


where 


k=over-all gain constant, 
E,»= magnitude of the modulated signal, 
E,=magnitude of the unmodulated signal, 
m(t) =modulation function, and 
6=phase difference between the modulated and 
modulated carriers. 


The detected signal Vo of (15) is actually of no value 
since the output of interest should be independent of 
the erratic E, and 0 for various aspects and yet propor- 
tional to E,,m(t), which carries the amplitude informa- 
tion at the position of the panel. However, a method 
described by Richmond [8] substitutes a known refer- 
ence signal for the unmodulated carrier, thus allowing 
E,, and @ to be controlled quite accurately. In this case, 
E,, may be treated as a constant and 6 can be controlled 
by a phase shifter. 

In preliminary applications of the photoconductive 
panel as a modulating window, the panel was moved 
across the scatterer in order to note the major scatter- 
ing areas on complex objects for a given aspect. Many 
problems had to be solved before reliable data were ob- 
tained: methods of eliminating the direct “radiation” 
from the panel, for example, had to be affected; methods 
of resetting phase for each movement of the panel had 
to be eliminated; and, the resolving power of the panel 
had to be studied. The methods of solving these prob- 
lems are the subject of another paper, and, in general, 
are still being studied and improved. The basic result to 
note, however, is that it is possible to modulate small 
portions of the total field surrounding a scattering ob- 
ject so that a more detailed picture of the scattering 
can be obtained, even though the detection problems 
involved require special instrumentation. 


PHOTOCONDUCTIVE COATINGS IN 
MiIcROWAVE MEASUREMENT 


Although (14) predicts that no modulated com- 
ponent of the scattered field will exist when the modu- 
lated panel is placed directly in contact with a conduct- 
ing object, photoconductive materials mixed with Ecco- 
foam layers have been successfully employed as modu- 
lators when the target is directly coated with the ma- 
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terial. The basic difference is that with thick coatings, 
the volume polarization currents are no longer uniform. 
Certainly, such direct coatings disturb the normal scat- 
tered field from the object of interest, but experimental 
procedures will determine most readily the effect the 
coating will have on various shapes of scatterers. 

To illustrate the use of the photoconductive modu- 
lator technique, an experiment involving the scattering 
from a flat plate is described. The conducting flat plate, 
4.5 inches square, was coated with a quarter-wavelength 
thick, 4.8-inch square, coating of cadmium sulfide 
mixed in Eccofoam. The coating was covered with black 
paper masks which exposed the photoconductive coat- 
ing only in certain areas, as shown in Fig. 10. For each 
masking condition, a scattering pattern of the flat plate 
was taken with the receiver at a bistatic angle of 30° and 
using a 30-cps modulation of the light source impinging 
on the panel. Noting the detection system was only 
sensitive to the modulated component of the scattered 
field, the magnitude of this return for each of the four 
conditions is also found in Fig. 10. 


Fig. 10—Modulated scattering pattern of a flat plate when 
various areas are masked off from modulated light. 


The real and imaginary part of the field was recorded 
for each condition at all angles of rotation of the flat 
plate. The four patterns corresponding to each condi- 
tion were added vectorially and compared to the over- 
all scattering from the coated flat plate. The results are 
shown in Fig. 11, and they indicate that the scattering 
from the flat plate has been successfully attributed to 
four subareas. The results indicate that the scattering 
from the flat plate may be studied by breaking the total 
reflecting area down into any set of arbitrary subareas 
by the light modulation technique. 

To illustrate the practical value of the above conclu- 
sion, the problem of sidelobe suppression for the flat 
plate is studied. By comparing the scattering contribu- 
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tions of the various conditions of Fig. 10 to the over-all 


scattering pattern of Fig. 11, it was noted that the so- 
called condition 3 made a very large contribution to the 
first sidelobe. Upon mathematically eliminating the con- 
tribution of this condition to the over-all scattering pat- 
tern, the pattern was altered to that of Fig. 12, where it 
is compared to the original pattern. Fig. 12 shows that 
the first sidelobe was reduced 7.2 db by destroying the 
scattering from the areas involved in condition 3. 
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Fig. 11—Comparison of the measured scattering from a flat plate 
with that calculated from subpatterns as shown in Fig. 10. 
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Fig. 12—Scattering pattern (bistatic angle 30°) of the flat plate with 
the field of condition 3 removed from the original pattern. 
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CONCLUSIONS 


Photoconductive materials may be used to provide a 
medium for the interaction of visible or near-visible 


_. light frequencies and microwave electric fields. The 


applications of this principle are virtually unexploited, 
but photoconduction at microwave frequencies has been 
utilized successfully for amplitude modulators. 

The concept of volume polarization currents for thin 
films of photoconductive materials allows for easy evalu- 
ation of the “radiation” patterns of the films when ex- 
posed to incident microwave radiation. With the pat- 
terns of the modulators known, the application of the 
thin photoconductive panels to the partial modulation 
of a scattered field for an object of interest may be an- 
alyzed. 

The use of photoconductive modulators at the target 
creates a unique detection problem: discrimination be- 
tween the modulated and the unmodulated scattering. 
This is generally accomplished, however, rather simply 
with a coherent detection system. 

The results of measuring the scattering from a flat 
plate in four subpatterns illustrates that possibly many 
objects may be analyzed in detail by applying photo- 
conductive coatings to the objects. This is possible be- 
cause the scattering from the areas of the object that are 
illuminated with a modulated light will be “coded” and 
may be studied separately or in comparison to the scat- 
ering from the entire reflecting object. 
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Diffraction of a Plane Wave by an Infinite Slit in a 
Unidirectionally Conducting Screen* 


S. R. SESHADRI} 


Summary—The scattering of a plane electromagnetic wave of 
wave number &, by an infinite slit (of width 2a) formed by two uni- 
directionally conducting, semi-infinite coplanar screens of zero thick- 
ness is considered. By employing an integral equation procedure, a 
rigorous asymptotic solution is obtained up to order (ka)~*/. The 
currents induced on the screens and the first few terms in the trans- 
mission coefficient are evaluated. The similarity between this and the 
corresponding problem involving perfectly conducting screens is 
pointed out. 
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INTRODUCTION 


HE problem of diffraction of a plane electromag- 

netic wave by an infinite slit formed by two semi- 

infinite coplanar screens of zero thickness has 
been the subject of numerous past investigations, in all 
of which the screens are assumed to be perfectly con- 
ducting. In recent times interest has arisen in the study 
of diffraction by screens which are composed of fine 
parallel wires. Such a screen has been idealized by an 
infinitely thin disk which is perfectly conducting in one 
direction. 
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Toraldo di Francia! has studied the problem of dif- 
fraction of a plane wave by a small circular disk com- 
posed of fine parallel wires. Karp? has obtained closed 
form expressions for the electromagnetic field produced 
by the diffraction of a plane wave by a semi-infinite 
unidirectionally conducting half-plane. Radlow,* on the 
other hand, has treated the problem of a unidirectionally 
conducting half-plane for the incidence of a dipole field. 
The author has re-examined the diffraction of a plane 
wave by a unidirectionally conducting half-plane—the 
same problem that has been treated by Karp—by em- 
ploying an integral equation procedure. The result of 
that study revealed the possibility of successfully using 
similar methods in obtaining rigorous solutions to the 
problems of diffraction by unidirectionally conducting 
planar obstacles possessing simple geometry. In this 
paper, diffraction by an infinite slit in a unidirectionally 
conducting screen is investigated by formulating it in 
terms of a Wiener-Hopf integral equation. Rigorous 
asymptotic solution of the integral equation is obtained 


by a method which is essentially the same as that first _ 


devised by Levine and Wu? in connection with their in- 
vestigation of the problem of diffraction by a circular 
aperture. 


INTEGRAL EQUATION FORMULATION OF THE PROBLEM 


The infinite slit is formed by two unidirectionally con- 
ducting semi-infinite screens S\(x<—a, —x<y<o, 
Z=0) and Sx(x>a, — «0 <y<«, z=0) where x, 4, 2 
form a right-handed rectangular coordinate system. It 
is convenient to introduce also a rotated system of co- 
ordinates £, 7, where 


£=xcosa+ysina 


n= —xsina+ ycosa. (1) 


The screen is assumed to be conducting in the direc- 
tion — only. A plane electromagnetic wave 


Ei(r) = Bexp [ikk-r] = Bexp [ik(l@ + mf + né8)-r] 
Hi(r) = k X Bexp [ikk-r] (2) 


is incident on the screen in the half-space z <0. r denotes 
the position vector of a point P(x, y, z) in space. The 
direction of propagation of the incident wave is given 
by its direction cosines /, m and n. B is a prescribed con- 
stant vector, which, on account of the divergence rela- 


1G, Toraldo di Francia, “Electromagnetic cross section of a small 
circular disc with unidirectional conductivity,” J/ Nuovo Cimento, 
series X, vol. 3, pp. 1276-1284; 1936. 

2S. N. Karp, “Diffraction of a Plane Wave by a Unidirectionally 
Conducting Half-Plane,” Inst. Math. Sciences, New York Univer- 
sity, New York, N. Y., Res. Rept. No. EM. 108; 1957. 

3 J. Radlow, “Diffraction of a Dipole Field by a Unidirectionally 
Conducting Screen,” Inst. Math. Sciences, New York University, 
New York, N. Y., Res. Rept. No. EM.105; 1957. 

4H. Levine and T. T. Wu, “Diffraction by an Aperture at High 
Frequencies,” Applied Math. and Statistics Lab., Stanford Uni- 
versity, Stanford, Calif., Tech. Rept. No. 71; 1957. 
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tion, is subject to the condition 
BES=060.— > (3) 


The harmonic time dependence e~*‘, which is assumed 
for all the field components, is omitted throughout. The 
wave-number & is assumed to have a vanishingly small 
positive imaginary part, which is set equal to zero in the 
final formulas. 

On account of the incidence of (2), there arises the 
total fields E(r), H(r) which satisfy the time harmonic 
Maxwell’s equations 


VX E(r) = tkH (zr) (4a) 
VX H(t) = — ikE(r) (4b) 
V-E(r) = 0 (4c) 
V-H(r) = 0 (4d) 


in the exterior to the screen. The unidirectional conduc- 
tivity of the screen is described by the following bound- 
ary conditions on the screens, 7.e., for z=0, | | >a. 


E(x, Ms 0) =) , (5) 
[He (sx, y)] = H;(x, y; o*) %3 Axx, y; ) = 0 p (6) 
[E,(x, y)] = (7) 


Further, in order to have a unique solution, it is neces- 
sary to guarantee the quadratic integrability of E(r), 
H(r) at the edges of the two screens and thus impose 
appropriate edge conditions. In addition, the scattered 
fields E4(r), H@(r) are required to be outgoing at in- 
finity. 

The total electromagnetic field is conveniently split 
up as follows: 


Er EX) Beles 2) 


(x) = A‘(r) +A (r)+ Hr) 2 <0, (8) 
and 
Elz) = EYr) a EV) 
Ay Sry oe) z> 0, (9) 


where E'(r), H‘(r) are the incident fields given by (2); 
E'(r), H'(r), and E'(r), H(r) are respectively the re- 
flected and the transmitted fields appropriate to a com- 
plete screen with no slit; and E*(r), H@(r) are the scat- 
tered fields due to the presence of the infinite slit. For a 
complete screen with no aperture, the solution of (4) 
subject to the boundary conditions (5), (6) and (7) for 
the incidence of (2) is straightforward. However, it is 
convenient to decompose the incident wave into two 
components; one component has the magnetic vector 
and the other the electric vector transverse to the direc- 
tion in which the screens are conducting. These com- 
ponents are named the E- and H-polarizations, respec- 
tively. Using (2) and (3), the two polarizations of the 
incident wave may be taken separately as: 
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E-polarization 


Ei(r) = [(q2 + n2)é — poh — pnélett rttartne) 
FI‘(e) = [nf —_ gélet* @etartnz) 


(10) 


H-polarization 
Ei(r) = [nf — gélei mttartne) 
Hi(r) = [—(q2 + mE + pat + npéle®ttartm) (11) 
where with the help of (1), it is seen that 
p= 
q= 


lcosa+m sina 
(12) 


—lsina+mcosa. 


For a complete screen, (4) is easily solved subject to the 
boundary conditions (5), (6) and (7) to yield the follow- 
ing reflected and transmitted fields: 


E-polarization 
Er(r) = [—(q2 + n2)E+ pat — npéle®ottarne) 
H*(r) = [nf + gélei® @ttarne) 
E'(r) = 0 
H'(r) = 0 (13) 


H-polarization 


Ev(r) = 0 
Hr) = 0 
H'(r) = [nf — qéle*@ttartn) 


Hi(r) = [—(q2 + m2)E+ pat t+ npéle®ottartm), (14) 


It is interesting to observe that the screen is perfectly re- 
flecting for the E-polarization and is totally transparent 
for the H-polarization. For the H-polarization, no net 
current is induced on the wires composing the screen 
and, hence, even with an infinite slit in the complete 
screen, the incident wave will be undisturbed. On the 
other hand, for the E-polarization of the incident wave, 
the perforation of an infinite slit in the complete screen 
produces, in addition to the specularly reflected fields, 
diffracted fields whose determination is now considered. 

Because of the unidirectional conductivity, the 
density of the surface current on the screen has only a 
£-component. Define the surface current density on the 
illuminated side of the screen, =0-, as J~ and that on 
the shadow side of the screen, z= 0+, as J+. Denote their 


sum as 


sear ieee ae ae (15) 


In the absence of the slit, it is obvious from (10), (12) 
and. (13) that 
J+=0 


Jo = J° = Aneik etm) (16) 
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In the presence of the slit, J+ and J~ have different 


values from that given in (16). It is convenient to intro- 


duce 
Jo = J-— J* 
WE ON fio fas (17) 
Since J=0 in the slit, it follows that 
pus (18) 


for | «| <a 

It is evident that the entire diffracted field [E%(r), 
H*(r) | is due to J’ and can be derived from the vector 
potential 


il xp |ik —’ 
At(r) = — J’(¢’) = zs 5 ae 


4a S1+482+A 


dS’ (19) 


where o denotes the position vector of a point in the x-y 
plane. Like the current, the vector potential A‘(r) has 
also only a &-component. It is known that A‘(r) satis- 


fies the differential equation 
(V2 + R)A%(r) = 0. (20) 


The diffracted magnetic field is obtained with the help of 
the relation 


Hele) (=NV xX A(z) (21) 
in the component form as 
H;4(r) = 0 (22a) 
Hila) = — AM) (22b) 
02 
) 
H,(r) = —— Ar) (22c) 
on 


where account is taken of the fact that the vector po- 
tential has only a £ component. With (4b), the diffracted 
electric field is obtained as 


Peiy — (18 sete ) 44(r) (23a) 

ist Lay ae) 
1 2 

E d SS = Ad 23b 

n'(r) afer (r) (23b) 
4 2 

iP) ee ee Ar). 23 
E.4(r) rarer (r) (23c) 


Owing to the geometrical identity of the half-spaces 
zS0, the vector potentials are identical at the cor- 
responding points. It follows therefore from (22b) that 
Hn?(r) at the corresponding points in the two half- 
spaces are equal in magnitude but opposite in sign. 
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Since on the planes z=0+ the unit vectors # are also 
oppositely directed, the currents are identical. There- 
fore, 


Jt= J" (24) 
so that 
Ji = 2J* = 2F—, (25) 
Tictict with (16) and (18), (25) yields 
J*(9) = = ne*(etmy) (26) 


for | x | <0. 

It is now desired to obtain an integral equation which 
specifies J+. For that purpose conditions (5-7) must be 
made use of. However, taking account of the fact that 
the vector potentials A%(r) are identical at the cor- 
responding points in the two half-spaces, together with 
(22a) and (23b), it is evident that (6) and (7) are auto- 
matically fulfilled. With the use of (19), (23a) and (25), 
it is obvious that 


1 0? 
E;4(r) = (+ + 
[iz| r —o'| | 
fe) eet 
S,+S_+A | r— oe | 


Since the geometry of the problem is invariant with re- 
spect to y, it is clear that the dependence of all the field 
components on y arises on account of the incident wave 
and, hence, like the incident wave depends on y only 
through the phase factor e**™”. Hence set 


ds’ (27) 


er) = HA a 2)e eet 


J(o) = J(x)e*™, * (28) 
Also from (1), it follows that 
(6) (6) 6) 
— = cosa—-+sina—: (29) 
0& Ox : 


By substituting (28) and (29) in (27) and explicitly 
carrying out the integration with respect to y’, it results 
that 


1 d ¢ 
E4(4, 2) = | # + (cos a oe + ikm sin «) | 


x 
x f T+() Ho [ko/(@ =e)? dx! (30) 


where 


ko? = k?(1 — m?). (34) 
By imposing the boundary condition (5) in (30), the 
following integro-differential equation is obtained after 
some simplification: 
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fF) [bl # z'||dx’ =0 |x| >e@ (32) 


where 
ky = k(sec a — m tan a) 


ko = k(seca + m tana). (33) 


Note that k; and ky like k, have an imaginary part that 
is positive. The solution of (32) for the integral together 
with (26) and (28) yields the following integral equation: 


T(x’) Ho [Ro | 4 x’ | |dx’ 


—o 


+ f J o(x!) Ho [Ro | b x’ | |dx’ 


= nf eikle’ [Ro | x— x! | |dx'+ Ce** + Dei 


|x] >a, (34) 


where C and D are the integration constants. Since there 
is no possible confusion, the superscript on J has been 
omitted. 

The similarity between (34) and the integral equa- 
tion for the diffraction by an infinite slit in a perfectly 
conducting screen is evident. For the later problem, it 
was found that an asymptotic solution in the form ofa 
series in inverse powers of ka approximated satisfactor- 
ily the exact solution, with only the first few terms over 


a wide range of parameter ka (t.e., ka >2). Hence, it is’ 


proposed to solve (34) asymptotically for large ka. 

It is necessary to know the method for determining 
the integration constants C and D. For this purpose, 
the edge condition is to be used. For a#7/2, the re- 
quirement that the currents at the ends of the wires 
composing the two screens should vanish, together with 
(17), (25) and (28), yields the following edge conditions: 


Ji(a = — a) = — ne-ikla 


Jo(x = a) = — net*la fora # a : (35) 
For the special case a=7/2, the integrated terms in 
(34) vanish and the condition (35) is no longer valid; 
nor is it required. For a=7/2, the currents are parallel 
to the edges of the screens and therefore a comparison 
with the case of the perfectly conducting half-plane 
shows that the currents, near the edges, have a singu- 
larity of the form 


Ji(x%) ~ (—a — x)? 


Tv 
fora =—- 
2 


Jo(x) ~ (—a4+ x)? (36) 


Drs ca Nek a le x 
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But for other values of a (0<a@<-7/2), the currents van- 


ish at the edges as the square root of the distance there- 
from, 72.¢., 


Fa am 9), 


| Jo(%) = (-a+ x)!” (37) 


ae peer 
Ws 


The conditions (36) and (37) which arise out of the re- 
quirement of the quadratic integrability of E(r), H(r) at 
the edges of the two screens, ensure the uniqueness of the 
solution, 


FOURIER TRANSFORM SOLUTION OF THE 
INTEGRAL EQUATION 


The integral equation (34) and the method for solv- 
ing it are similar to those that have been encountered 
in the problem of diffraction by an infinite slit in a per- 
fectly conducting screen. Hence, only the essential steps 
in the solution of (34) are given; for details, reference 
may be made to the previous work.® The solution pre- 
sented here is valid only subject to the condition a(ko 
+k1)>/ and hence it breaks down for the value of 1 
close to zero. However, a solution valid for m near zero 
is readily obtained by solving (34) using the technique 
developed by Levine® for treating the problem of dif- 
fraction by an infinite slit in a perfectly conducting 


; screen. 


By considering the diffraction process as due to the 
screen S;, and modified by the presence of the screen 
Se, and vice versa, the following two simultaneous inte- 
gral equations specifying the current distributions (up to 
order (ka)~*/?) on the two screens are easily derived: 


Df [rea = nate] c= | Jae 


t i 1 
+ Bettot+!) Jo(a + 2’) {1 oo ve = ar | 
a 


0 
= nf [e-tlag—akle" FT) [ho | i= t'|dt! 
—0 


+- Betko ltt’) giklagsk Lt! {1 oo eg 


aC Cemikiag—ikit 4. Deikzagikat 0 (38) 


4 


5S. R. Seshadri, “High-Frequency Diffraction of Plane Waves by 
an Infinite Slit,” Cruft Lab., Harvard University, Cambridge, Mass., 
Sci. Rept. No. 20; 1958. } 
Ps paving “Diffraction by an Infinite Slit,” Applied Math. and 
Statistics Lab., Stanford University, Stanford, Calif., Tech. Rept. 
No. 61; 1957. 
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and 


i; | 7 + #/)Ho(Ro| ¢ — t’| dt! 
0 


Fe aes 2 i 
+ Beto) T,(—a — £’) Sn ee ar | 


0 
=nf eet abo] ¢ — |) 


- 2 
+ Betko (ttl) g-iklag—iklt! {1 aes is us thi na aid ar | 
4a Aa 16koa 
+ Cettiagikit 4. Deg-ikeag—iket fort > 0 (39) 
where 
B ei(2koa—r/4) (40) 


+ V/rkoa 


Eqs. (38) and (39) are of the Wiener-Hopf type, and 
may therefore be solved by the standard Fourier trans- 
form technique. Two functions R(#) and S(t), which are ~ 
identically zero for t>0 are added to the right-hand sides 
of (38) and (39), respectively, in order to make them 
valid for t<0. If Ji(—a—t) and J2(a+t) are defind to 
be zero for t<0, (38) and (39), with R(¢) and S(t) added 
to their right-hand sides become valid for all t from — 2 
to ». A complex Fourier transformation is applied (38), 
(39). While taking the transforms of the terms contain- 
ing the factor e+’), integration is performed only 
between the limits of t from 0 to . However, the con- 
tributions arising from the integral between the limits of 
tfrom — ~ to 0, are added to the transforms of R(t) and 
S(t) to give respectively R(¢) and S(¢). The result of 
such a transformation is 


2Fi(—£) Bi 2(—ho) B Jx(—kpo) 
Wikre ee ko — 16koa ko —§ 
B Jo(—ko) BJ x! (—ko) 
4a (ko — £)? 4a(Ro — $) 
ine *'e 1 neeria 


= Eat 
C+ ie + kl ho? — §? (ho + RI) (Ro — $) 


npie*!e nBie*'e 


~ 46koa(ko + Bi)(ko — §). 4a(ko + kD (ko — 


Die*24 


ke — § 


} pikla je—itkia 
nBie ve 


ee th). eh ee 


+ R&) Ste 
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and 
2J 2(5) Bid (Ro) B Ji (ko) 
/ ko? — ¢? (ko — £) 16kopa ky — § 
B J (ko) _ BJ’ (Ro) 
4a (Ro — £)? 4a(ko — §) 
- 2ine Ges 2 Roce 
6+ te — Rl Who? — £? — (Ro — Rl) (ho — $) 
nBi grikla npie *le 


Niche — FDO) Aah BD i? 
nBie~*"2 Cie Die-itea 

GC SS ie een ee 

+ S®) 


(42) 


where the primes denote differentiation with respect to 


¢ and 
if eta 
0 
0 — 
= if Te eal = 1) (23) 
and 
if Tila + theta! =F). ° (44) 
0 


An iterative procedure is used to solve the transform 
relations (41) and (42). For that purpose, set 


IS) = AMG) + NO} 
JE) = F2O(E) + I2M(S) 
RE) = RG) + ROG) 
SG) = SOK) + S(O) 
C=C + c®. 


D= D + Dw (45) 


where all the quantities with superscript 1 are order 
(ka)~ lower than with superscripts 0. By retaining all 


the higher-order terms in (41), and applying the famil- 
iar Wiener-Hopf procedure, it results that 


ae ieee ko —¢ 
7.(—2) = lt e Visa) 
€ + te + kl ko + kl + te 
\/ 2 he. ( nBerkla ee) 
WV Ro — £\2(ko + Rl) 2 


Din/ky + Ry et20 / Ro eg 
2 (le — 9) 


(46) 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


The value of D in (46) is chosen in such a way to | 
satisfy the edge condition (35). For that purpose, it is — 
necessary to obtain J;(—a—#), from which (43) is ob- 


tained as 


1 seth 
HO(-a- => f H(—Herae (47) 
“ety) < 


where the path of integration passes below the branch f 
point (=) and the pole (= of the integrand. By clos- 


ing the path of integration in the lower half-plane, it is 
obtained that J;(—a—t) =0 if t<0 (i.e., x>-—da) as 
is to be expected. By closing it in the upper half-plane, 
it may be easily derived that 


ine * la 


Wier 


|- oboe oie i 3 
V1 


et; nBek'4 on (0)(— Bp jet kott+x/4) 
- via pete pi. ») wy 
2(ko + Rl) 2 Vat 


JyO(— Co t) => 


is” ae es 
e® ds + Vail 


sae 
V (ko +kl) t 


DivV/Ro + ke 
Je 


etk2a lives == ke etkat 


= Bb; Co) i (kot+m/4) 
== EM Rig goats f eds + es | 
V0 V (koh) t Vr ae 
(48) 


From (35) it is clear that for =0, Ji(—a-—#) has the 
finite value 


Ii(—a eh t) a ne ikla for ¢ = 0 (49) 


and hence D in (48) is chosen to nullify the coefficient 
of #-?. The value of D™ is therefore easily seen to be 


JQeikza | ine tkla 
in/ko + ko LW Ro + Ri 
ene ikla i (0)(—B 
SaPeO OYE ( i) ey] (50) 
2(Ro + Rl) 2 
With (50), (46) becomes 
Jy(—f) 
* a o—tkla Tyas 
ec (= 4/2 =) + Ps 
¢+ ie + kl ko + kl Viko — 
Sd fe RE age By 2 9 joes 
@ cage ' ke — ¢ ee 
where 
el mee as BI, (—ko) 
Py = +/2k ( — : : 
: "\2(ko + Bl) 2 ) (2) 
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In a similar manner, (42) may be solved with the result 


F2(5) = oe - 4/ as -\4+ 5 
G-te = kb ‘ko — kl Vky — ¢ 
inetkla s/ky — € 
on (DE MEA govt 
tS — ki ) ka -¢ oe 
where , 
ee fe ube *'4 BiJ 1 (Ro) 
P, = V2k = . 
Pe Ga. — hl) 2 ne 


By setting = —£» in both (51) and (53), two simul- 


- taneous equations in the unknowns J; (ko) and 


J2(—ko) are obtained; the result of solving the 
simultaneous equations, if only terms up to the order 


©  k-* are retained, is 


ae Dee a 
V/kho + Ril (Ri + Ro) 2 Wko — kl 
ana ¢ eae 

hi + k1)(Ro + ho) 
Bee%*la(k, — R1)(ko — 1) (Ro — ho) 
y 4x/ko + Rl (Ri + ho)?(Ro + he) 


(55) 


Be-**!4(ky + Rl) iB?e*4(ky — ke) (ki — Rl) 

~ a/kto — Bl (Ro + ho) 2V/ko + Bl (Ro + hs) (Ri + ho) 
Bre—tkla(k, + kl)(Ro — ko) (ko — 1) 

ie Ae = Hi (hat hth +). 


(56) 
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where 


2inkoet*'« 2inkoe**'4 


| B 
P. =, =e 2 = = ——. ee SSS Ee 
: Bir lo hoe bl) a he — bln By ER EIV OP 


ine la 


Oe bg O(h, eb) Wee =| (59) 


inetkla 


Qinkoe~**'4 Qinkoe—**'e 


all ear =a 
(Owes a ee 
: Sel: (ho —B1)?</ hoe BL ha by)? Boe 


ine ka “i ine hla ] (60) 
2(ko — Rl)Vko + kl 2(ko + ko)Vko + Rl 
Binkoe*'2 1 il 
Peo | - | (61) 
4ar/ko — kl ko + kl ky + Ro 
inkye *!4 al ft 
ieee | a |. (62) 
4av/ko + kl ko = kl ko + ko 


H1iGH-FREQUENCY CURRENTS ON THE SCREENS 


With the knowledge of J:(—¢) and J2(), it is possible 
to determine all the quantities of physical interest in 
this problem. In this section, expressions for the high- 
frequency currents on the screens S; and S; are ob- 
tained. Since the current distribution J:(«) is obtainable 
from Jo(x) by the symmetry considerations, it is neces- 
sary to evaluate Jo(x) only. With (45), (53) and (58) it 
follows that 


7 ine*!a 4 ko Be, fe 
The second iteration in the solution of the transform (6) = Coie * ies a py 
relations (41) and (42) is easily carried out, and the re- 
sult, when only terms up to the order k~*’” are retained is eee AA, ae 
os (5) cy pany Oy ee 
1 Vko — § P 1 Whos 
= P, | ——— - : |+ : a iY) + (P+ Pal ea ey | 
Who — § ko =f bea ae)! VG a Aca 6 
and 
Ps . 
F2($) +p ey 
i bee Vkoo— £ Ps 
= Pl —— - |+ (58) ieee? . 
/ko — € ki —¢ (ko — £)3? Using (44), (63) is easily inverted to yield 
J (x) 
ty gikla = itkl@—a)+r/4] po 20/k, — hy elki@—a)tr/41 © 
=. ae = ia in — f eds + iv/ko — ki ee — eae : = f eas 
Vko — kl V1 ¥ (kek) (aa) . Vi V (ky—ky) (xa) 
2/ ko mae ky et lki (a—a)+7 / 4] ) e. 2Ps 
. in/ ky — Rk piki(a—a) — ea | e® ds — —= (a = q) 1/2¢ilko@—a) tr) 4) 
+ (P2+ Ps) liv 0 1¢ 7 ae ues we 
forx >a. (64) 
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It is interesting to note that the first term in (64) is 
the current distribution appropriate to the isolated 
screen S; in the absence of the screen S; and the next two 
terms are the interaction currents induced on the screen 
S2 due to the presence of the screen S;. Also, as x ap- 
proaches the edge x=a, the first term approaches the 


constant value —ne** as it should, and the next two 


terms vanish. Further, (64) is not valid a=7/2, when 
ki, ko become infinite. To obtain Jo(x) for a=7/2, (63) 
is simplified for kj = © and then inverted, with the result 


iner*!a 2/ko = ki eilkl (a—a)-+m/4] ro) 
V/ky — kl / Tr V (ko-kl)(2—a) 
2P¢ : 
oe (x = @) eestkole—a) tris] for «> a 
T 


Note that as x tends to a, the current becomes infinite 
as (x—a)—¥/2, 


THE SERIES FOR THE TRANSMISSION Cross SECTION 


For the H-polarization of the incident wave, it is 
proper to define transmission cross section in the same 
way as for an infinite slit in a perfectly conducting 
screen, since the transmission of power takes place en- 
tirely through the slit even in the case when the slit is 
formed by two coplanar semi-infinite unidirectionally 
conducting screens. In conformity with the usual prac- 
tice, the transmission cross section o per unit length of 
the slit is defined as the ratio of the power passing 
through unit length of the slit to the incident power per 
unit area. The transmission coefficient which is equal to 
the transmission cross section divided by the area 2a of 
the slit per unit length, is easily obtained with the 
knowledge of Ji(—¢) and J.(¢) through the use of the 
following relation: 


1 a Ma 
t=n— sae Re [e#!*J,(Rl) + e-*'4J,(kI) |. (66) 
a 


The substitution of (51), (53), (55), (56), (57-62), in (66) 
yields the following expression for the transmission 
coefficient: 


_ vm F 
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where 
m, =1—m 


Ci = SCC Q)— iaranka 
(68) 


Although the use of (57-62) gives ¢ correctly up to and 
including order (ka)~*/?, the (ka)~*/? term is omitted in 
(67) in order to avoid a lengthy expression. 

It is interesting to observe that the transmission co- 
efficient (67), for the two special cases_a=A and 


Co = seca+m tana. 


je? lho (a@—a) +4 /4] | (P2 + P,4)iettho@—a)+4/4) 


So en Wale a) 


(65) 


= 


a=1/2 becomes equal to those of an infinite slit in a 
perfectly conducting screen respectively corresponding 
to the H- and E-polarizations.®7? This interesting obser- 
vation is easily demonstrated for the case of normal 
incidence (=0, m=0, n=1) for which (66) yields 
(1 — cos a) cos (2ka — 1/4) 
- /4 (ka)3!2 
(1 — cos a)(1 — sec a) seca sin 2(2ka — 1/4) 
2r(1 + sec «)?(ba)? 
(1 — cos a) seca(1 — sec a)? cos 3(2ka — w/4) 
Ar/?(1 + sec a)3(ka)>!? 
3(1 — cos a) sin (2ka — 1/4) 
16\/x (ka)?! 
(1 — cos a) sin (2ka — 7/4) 
4y/m (1 + sec a)?(Ra)>!? 
(1 — cos a) sin (2ka — 7/4) 
i 16/m (1 + sec a) (ka)*/? 
fi (1 1 \= (2ka — x/4) 
1+seca/ 4/mx (ka)*/? 


i=1 


(69) 


7S. R. Seshadri, “High Frequency Transmission Coefficient of an 
Infinite Slit in a Plane Screen,” Cruft Lab., Harvard University, Cam- 
bridge, Mass., Sci. Rept. No. 17; 1958. 


W\ (c: — 2) cos [2ka(1 + 1) — 1/4] 


t = 


Co4- 2 ) 


1 ( 1 
dp <= 
(ka)? L\Vmi + 1 


2am Vm + 1 (cr + mi) 


Vm, — ) (co + 1) cos [2ka(1 — 2) — cee 


1 
+(———=- 
s/m, — | a —l 


ZV rm, /m, — 1 (c2 + m1) 


Vim + T\ (mm — ¢1)(co + 2) sin 2(2ka — 1/4) 


il 1 
ie c-mewmbereye re = 
(ka)? L\V/m, + 1 Co+l J Army /m, — 1 (m + c1)(c2 + m) 


vm) (mi — c2)(¢1 — 1) sin 2(2ka — 7/4) 
4amyx/m, + L(m aa C2) (C1 + my) 


1 
+(—=——=- 
/m, — 1 ol 


| + Ol (ha)=°/2| (67) 


Sg ee ae ee 
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oe Pe: 
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NE Lee ee OTe 


i ubta) 


Le Eee ee Te ee 
; 


es 


ey sill Fe ie ote a * 
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For a=0, (69) becomes 
sin (2ka — 1/4) 


eee Zz 
84/m (ka) 5/2 


(70) 


and, for a=7/2 


_ Cos (2ka — 1/4) = sin 2(2ka — 7/4) 


t=1 = : 
/m (ka)?/? 2r(ka)? 

i 1 i 3(2ka — 1/4) 

A/a (kay?L 


~ 7 sin (2ka — 1/4) 
; (71) 
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It is now clear that the transmission coefficients (70) 
and (71) are equal to those of an infinite slit in a per-’ 
fectly conducting screen corresponding to H- and E- 
polarizations. 

It is observed that the diffraction pattern in the far 
field can be easily evaluated with the knowledge of the 
Fourier transforms of the current distribution on the 
two semi-infinite screens. Details of the determination 
of the far field are omitted in order to save space. 
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Refraction Compensation in a Spherically Stratified Ionosphere* 


STEPHEN M. HARRIS}, MEMBER, IRE 


Summary—For satellite orbit determinations, it is necessary to 
know the range to the satellite with great accuracy. The presence of 
the ionosphere with a frequency-dependent index of refraction pro- 
duces errors in range measurements made by either CW (Doppler) 
or pulse radio techniques. A measurement scheme is proposed that 
gives the instantaneously-corrected range for a spherically stratified 
ionosphere without recourse to any further assumptions about the 
electron density profile. The corrected range is given by the average 
of the CW and pulse range measurements and is free of the first- 
order error contributed by the inverse frequency-squared term in the 
refractive index. This scheme is shown to be slightly more effective 
than a scheme combining the results of two CW range measure- 
ments. Expressions are also derived for the higher-order residual 


- errors which remain after the proposed compensation, and the expres- 


sions for the variation in arrival angle with frequency are given. 
These expressions depend upon the integrated effect of the free elec- 
trons; consequently, a calculation with a simple profile should yield 
typical results. The compensated range error and the residual errors 
are given for a satellite at a height of 640 km, arrival angles in the 
first quadrant, and at a frequency of 100 Mc. This compensation 
scheme cancels all but a few per cent of the original range error. 


I. INTRODUCTION 


ITH the advent of man-made orbital satellites, 

W we have the possibility of communication 

through the ionosphere and further. When radio 

transmissions are used for an accurate determination of 

orbital parameters, the refractive effects of the iono- 
sphere must be allowed for and, if possible, nullified. 


This paper concerns a scheme for instantaneous elim- 
ination of the first-order refraction effect that occurs be- 


* Received by the PGAP, February 1, 1960; revised manuscript 
received July 11, 1960. This work was supported in part by the Air 
Force Cambridge Research Center, under contract AF 19(604)-5905. 

+ Hermes Electronics Co., Cambridge, Mass. 


cause of the presence of the free electrons in the iono- 
sphere. Tropospheric effects and their possible methods: 
of compensation are not discussed. 

It is well known that in a region with free electrons 
the complex refractive index is given by the Appleton- 
Hartree equation;! at VHF much greater than fo (e.g., 
at least 100 Mc), the absorption and magnetic effects are 
quite small and the refractive index (all real) is approxi- 


mately given by 
2 wo" 
Be es 


where wy and w are the angular values of the plasma fre- 
quency and operating frequency, respectively. Consider 
a ray propagating through the ionosphere to a receiving 
station on the earth. (Fig. 1.) 

The phase velocity wu of the ray traveling from S to T’ 
(or I. to +5) 1s 


(1) 


(2) 


where 7 is the index of refraction along the path and c 
is the velocity of propagation in vacuo. The phase range 
(electrical length along the ray) from S to T is 


[ reoas, 


where ds is an element of path length and 7, is the 
phase time delay. The actual path must be determined 
by finding the extremal given by Fermat’s principle. 


w= E/N, 


R,(w) = erp (3) 


1S. K. Mitra, “The Upper Atmosphere,” The Asiatic Society, 
Calcutta, India, p. 186; 1952. 
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Fig. 1—Ray path geometry. 


II. REFRACTION COMPENSATION SCHEMES 


Since the refractive effect of the ionosphere is small 
at these frequencies, let us expand u in powers of 1/w?. 
(Magneto-ionic effects will introduce odd powers of 
1/w, cf. Sec. IV.) Then R,(w) can be written as 


ees 


(4) 


At VHF, the phase range R,(w) will always be less than 
the straight-line distance Ry between S and T since the 
phase velocity is always greater than c. 

If two closely spaced frequencies are transmitted 
from S to T, we may then speak of the velocity of the 
group (or of the envelope of the modulation). Then the 
time delay of the group? is 


dp d(wrp) 


——— 5 
7 a ae dw ‘ (9) 


and the group (or pulse) range is 


3C 


Ry = Bot = 4 em (6) 


If we then average the group and phase measurements, 


RataRe G 


eat = = Sa Ro 


(7) 


the resultant quantity will be free of the first-order 
(1/w?) refraction term. 


2 W. P. Wilson, “Group delay and group velocity,” Electronic and 
Radio Engr., vol. 36, pp. 145-146; April, 1959. 
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For a body moving with respect to the receiving sta- 
tion on the earth but slowly in relation to the speed of 


light, the body can be imagined as being successively 
fixed at positions along the orbit, and at each instant of 


time the preceding analysis holds. Consequently, this 


correction scheme can also be utilized to correct the | 


range rate for ionospheric effects. The phase range rate 
Ry is proportional to the measured Doppler signal, 


while R, is just the time derivative of a group-type range 


measurement. 
If we utilize only phase (Doppler) meacuane we 


can also provide correction for the refraction effect pro- _ 
portional to 1/w? if two separated frequencies are em- _ 
ployed. Let us say w1=w from the previous calculation — 
and «,.=aw where a is a rational fraction less than 1. — 


Then Reor, the corrected range, is 


R,(w) — a?Rp C 
Je) 3 ee ee 
wt 


1 — a? 


(8) 


For example, if the second frequency is # the first fre- 


quency, the 1/w‘ residual-error term is 2.25 that which | 


it was for the group-phase correction scheme. Thus, the 


March 


group-phase scheme is superior to the two-frequency — 


phase scheme although both residual errors are of the 
same order of magnitude. 


III. ExpRESSIONS FOR THE JONOSPHERIC EFFECTS 
(No MAGNETIC FIELD) 


We should like to evaluate the constants A and C for 
certain specific cases. Consider a locally spherical earth 
and a spherically stratified ionosphere with a height-de- 
pendent index of refraction. Then, for the spherically 


symmetric medium, the well-known generalization for — 


Snell’s law is 


n(r)r cos B(r) = noro cos Bo = R(w) (9) 


where 


n(r) =index of refraction at radial distance 7, 
mo=index of refraction at the earth’s surface, 
ro =radius of the earth, 
B(r) =angle between the ray path and the normal to 
the radius vector at radial distance r, 
k(w) =constant for a given frequency. 


Rewriting (9) with r=ro+h, we have for Snell’s law 


n'(h)(1 + h’) sec Bo = sec B (10) 
where 
h 
Me es 
no 
h 
h’ = — 


Pe oe ee 


a: 


Pet 6 Coan eal 


re 
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We wish to separate from sec By that part which is fre- 
quency-independent. This will facilitate the evaluation 
of the range integral 
f nds. 
path 


When converted into an integral dependent on 
height, apparent elevation angle, andrefr active index? 


Rp = CTp 


(11) 


n'(h), (11) becomes 


H 
Ry = no f n’?(h)(1 + h’) sec Bo 
h 


=0 


-[(1 + h’)?n’2(h) sec? Bo — 1]-1/2dh, (12) 


_where H is the altitude of the vehicle. Let us assume 


that sec Bo is expandable in the following series 
a C 
sect fy = secta(1+—4+5+---), (13) 
(Sepa 


where £.,, is the elevation angle of arrival for a ray from 


-§ to T if there were no ionosphere present (at w>~). 


Since the basic dependent variable is 1/w?, only even 
powers appear in the expansion. 

The coefficient a, a constant which in (13) gives the 
variation of arrival angle with radio frequency, can be 
evaluated from the expression‘ for the true central angle 


 @ where 


H i 
70 — f 
4 ea ae 


[(1 + h’)?n’2(h) sec? By — 1]-*/2dh, (14) 


since ro is a constant for a given satellite geometry and 


is independent of frequency. 


After some algebraic substitution and expansion, 
keeping terms to order 1/w‘, the following solutions for 
the coefficients result: 


fe wo22dz 
7, LN Se 1 3/2 
Peper as) (15) 
H zdz 
pe (22 — 1)3/2 
H zdz 
A= io nae (16) 
2 sec fe Re h=0 / 2? = 1 


rono 


3 8 sec By 


H zdz 
B} wo —— 
h=0 BUA eee | 


H 2dz 
zi[ hs (2? — 1)8/2 


where 2(h) =(1+h’) sec B.. and m~1 approximately at 
the earth’s surface. 


(ot — a) |, a7) 


3 J. R. Bauer, W. C. Mason, and F. A. Wilson, “Radio refraction 
in a Cool Exponential Atmosphere,” Lincoln Lab., Tech. Rept. No. 
186,,eq. (10); (ASTIA 202331.) August 27, 1958. 

4 Ibid., eq. (13). é 
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IV. Errects or MAGNETIC FIELDS 


When magnetic fields exist in the region of propaga- 
tion, we must refer to the Appleton-Hartree equation 
for the refractive index.’ With absorption neglected, we 
distinguish two cases: 1) quasi-longitudinal propaga- 
tion where the magnetic field is essentially directed 
along the path of propagation, and 2) quasi-transverse 
propagation where the field is essentially normal to the 
direction of propagation. 

It is seen that for quasi-longitudinal propagation a 
(1/w*) term arises in the refractive index. Eqs. (13) and 
(4) can be rewritten to include this (1/w*) effect. We have 
neglected the second-order magnetic contribution to the 
1/w* term. It is much smaller than any of the previously 
included terms. Rewriting (4) for this case, we get 


(18) 


The previous type of analysis can be carried out. We 
find that (15) through (17) remain unchanged, and in 
addition ; 


zdz 
— wo?wWr 


H 
~ 2 sec riko (gz? — 1)1/? 


rono 


(19) 


where w , is the longitudinal angular gyrofrequency. 


V. RESULTS 


We note that the coefficients A, B and C which give 
the range error resulting from the ionosphere are func- 
tions which depend upon the integrated effect of the 
electron density. Consequently, small changes in the 
electron density vs height profile should not greatly alter 
the results, provided that the total electron content in 
the column of unit cross section remains constant. 

Let us take as an ionospheric model one that is spher- 
ically stratified with a rectangular distribution (Fig. 2) 
such that 


for = 0 (ne ar 
Fed PB OES Bas 2 
for = 0 Fpl ol nis en 
He Yin 

Hm 
Bie 


N ELECTRONS/M? 
MAX, 


Fig. 2—Height vs electron density. 


5 Mitra, op. cit., pp. 188-189, 
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where 


fo=critical frequency, 
N=electron density (m7), 
H,, =height of layer where level of ionization is maxi- 
mum, 
Vim =semithickness of the layer, 


Fig. 3 gives the range error vs elevation angle (8..) 
for the following typical case: 


fo=10 Me, 

f=100 Mc, 
Y= 150-km, 
id = 300 kan, 


7o= 6400 km (earth radius), 
H=640 km (satellite height), 
Hy=50 ampere-turns/meter. 


80 


7O 


5O 60 
DEGREES 


90. 
Peo 


Fig. 3—Range and range errors vs elevation angle (af w— ©), 


The critical frequency fo>=10 Mc represents that of a 
fairly active daytime ionosphere. The magnetic-field 
intensity Hj)=50 ampere-turns/meter (0.63 gauss) 
represents a maximum value for the earth’s magnetic- 
field intensity. 


6 Mitra, op. cit., pp. 290-291. 
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From Fig. 3, for elevation angles of 0°, 30°, 90° 
(B..), we give Table I, where 


B A 
Ala oe 
Rp = = (term from quasi-longitudinal propagation), 
a) 
R c 
(CS a s = 
TABLE I 
RANGE AND RANGE ERRORS AS A FUNCTION OF 
ELEVATION ANGLE AND FREQUENCY 
Bio 
R 0° 30° 90° 
100 Mc] 200 Mc| 100 Mc| 200 Mc| 100 Mc| 200 Mc 
Ro km} 2930 2930 1140 1140 640 | 640 
Ra [x(1/f)]m | 5240 | 1310 | 2675 | 669 | 1500 | 375 
Reledi/pyim. |. 92) 9012-1 eon eee ee 
Ro (<(i/folm_| 33 | 200, a2 |e) ee 


Thus, for the given satellite at an elevation angle (6,,) 


of 30° at 200 Mc, we have a true range of 1140 km with 
a group range error of 685.2 m, of which only 16.2 m 
remain after compensation. 


VI. CONCLUSIONS 


We have introduced a means for compensating the 
first-order refractive effects of the ionosphere. Imple- 
mentation of this idea would furnish a corrected range 


measurement based on the average of a pulse anda CW 


(Doppler) range measurement, without any assump- 
tions regarding ionospheric parameters except that the 
index of refraction admits of expansion in a power series 
in frequency. This condition exists when the propaga- 
tion frequency is many times the critical (plasma) fre- 
quency. While the discussion here concerns range meas- 
urements, the same results and mathematical develop- 
ment can be applied to the range rates which are the 
quantities more frequently measured in practice. From 
theoretical calculations, the error in range after com- 
pensation should be only a few per cent of the error 
existing prior to compensation. 
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Scatter Communications with Radar Chaff* 


R. A. HESSEMER, JR.}, MEMBER, IRE 


Summary—tThe first part of this paper is concerned with finding 
an analytical expression for the scattering cross section of chaff 
oriented randomly within a vertical cone. The dipoles are allowed to 


_ take on all the angles within this cone. A vertically-polarized receiver 


is assumed off on the horizon and the transmitter on the ground be- 
low the chaff. The cross section is a function of the conical angle 
of the configuration and the angle between a normal to the ground 
and the incident electric field from the transmitter. Fig. 2 is a plot of 
the scattering cross section as a function of these two angles. 

Half-wave chaff randomly distributed within a conical angle about 
a vertical is not the most effective ensemble, butis a practical one at 
the lower frequencies. Cutting all these half-wave dipoles into very 
short ones makes it practical to place them in a horizontal position 
which has an ensemble gain over the conical but a reradiation loss, 
since short dipoles are less effective scatters than half-wave ones. 
The second part of this paper compares the reradiation loss and 
horizontal ensemble gain. 


I. InrRoDUCTION 
Wie PAPER investigates the possibility of estab- 


lishing moderate range communications for short 

intervals of time between non-line of sight points 
by using a large number of metallic half-wave dipoles 
(chaff), placed at a modest altitude somewhere between, 
used as the scattering element. 

The initial chaff altitude has to be sufficient to allow 
line of sight propagation from it to both antennas. Chaff 
falls at the rate of several hundred feet per minute, and 
additional height of this amount above that needed for 
line of sight is required. For points separated some 200 
milés, the line of sight altitude is 20,000 feet for smooth 
earth. 

The transmission loss depends directly on the scat- 
tering ability of the chaff, which in turn depends on the 
length of the chaff dipoles and the arrangement of these 
dipoles in the ensemble. Half-wave resonant dipoles are 
considered first. The ensemble configuration is a random 
orientation of chaff within a vertical cone. The dipoles 
are allowed to take on all the angles within this cone. 
This particular configuration prompted Spogen’ to sug- 
gest the possibility of using chaff dipoles much shorter 
than a half wave, but oriented in a horizontal plane. The 
hope was that the scattering loss due to the short dipoles 
would be balanced out by the gain of the superior con- 
figuration. 3 


* Received by the PGAP, June 27, 1960; revised manuscript re- 
ceived, September 7, 1960. The research described in this paper was 
sponsored by the Signal Corps, Fort Huachuca, Ariz., under Con- 
tract DA-36-039-SC-80146 with the Appl. Res. Lab., University of 
Arizona, Tucson. ; i ‘ 

+ Elec. Engrg. Dept., University of Arizona, Tucson. | 

1L. R. Spogen, Jr., Appl. Res. Lab., University of Arizona, Tuc- 


son, private communication. 


II. TRANSMISSION EQUATION 


The transmission equation gives the relationship 
between the power radiated by the transmitter antenna 
and the maximum power available at the receiver an- 
tenna terminals. It is similar to the radar equation, ex- 
cept that here the transmitter and receiver are at sepa- 
rate locations and hence can be at different distances 
from the scattering target. 

The transmission equation can be derived as follows: 
The effective transmitter radiated power P incident to 
the chaff is 


5 P,G\o 


’ 
Arr ie 


(1) 


2 


where 


P,=transmitter-radiated power, 
r,=effective distance from transmitter antenna to 
chaff, 
& =average cross section of the chaff, 
G,=average transmitter antenna gain in the direction 
of the chaff. 


The cross section of the chaff a? is by definition that area 
intercepting that amount of power which, when scat- 
tered isotropically, produces an echo equal to that ob- 
served from the target, for chaff o is a fluctuating quan- 
tity. Here we use the average value and discuss the 
amount and frequency of this fluctuation in the section 
on chaff characteristics. 

From the definition of o, the incident power to this 
area as given in (1) must be scattered isotropically* to 
give the correct amount of power at the receiver. Thus, 
the power available at the receiving antenna terminal is 


P2,A3 
(2) 


P3; = 


Amrs? 


where 


A;=effective area of the receiving antenna, 
ry = effective distance between the chaff and the re- 


ceiving antenna. 


2 Isotropic scattering is merely a convenient and standard way of 
defining «. Any type of scattering could be used to define o, though 
each type gives a different value. The isotropic scattering used here to 
define o in no way forces or constrains the real chaff actually to 
scatter energy isotropically. In fact, it does not; see (23). 

3D. E. Kerr, “Propagation of Short Radio Waves,” McGraw- 
Hill Book Co., Inc., New York, N. Ve spas Goll: 
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The effective area A of an antenna is related to its gain 
G as follows: 
’G 


A=—- 
Ar 


(3) 


Eqs. (1)-(3) can be combined to give the transmission 
equation 


GiG3\?o 


_ ae NE 4 
(4rr)8(rire)? . 


P;/P, = 


The net transmission attenuation can be calculated 
from the above equation once the system parameters of 
antenna gains, signal frequency, chaff effective area, 
and distances from chaff to both antennas are given. 
This attenuation is the amount that the available power 
P; at the receiver terminals is below the power P, radi- 
ated by the transmitting antenna. 


% 


II]. Caarr CHARACTERISTICS 
A. Scattering Cross Section 
The scattering cross section can be expressed an- 
alytically as 
Poo 


Arr? 


ok 


(5) 


where 


P,=incident power per square meter to the chaff, 
P;=scattered power per square meter at the receiver, 
r =distance from chaff to receiver. 


For a given target, o generally depends on its orienta- 
tion with respect to both the incident wave and the re- 
ceiver. This point is examined in more detail later. For 
now, it is only necessary to realize that o is a function 
in spherical coordinates of the two angles 6 and @¢. 

For a single chaff dipole the scattered power per 
square meter at a receiver distance away r is 


PaG’ 
P= (6) 


b] 
Arr? 


where 


Pa=power in the dipole collected from the incident 
wave and then reradiated, 
G’=gain of the dipole in the direction of the receiver. 


For a short-circuited resonant half-wave dipole,4 


Pa = 4AP, (7) 


4J. D. Kraus, “Antennas,” McGraw-Hill Book Co., Inc., New 
York, N. Y., p. 47; 1950. 
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where 


A=)°G/4n =antenna effective area, 
\=wavelength. 
Substitution of (7) into (6) gives 


4A PG’ 
aces (8) 
4” 
Equating (8) and (5) and solving for o gives 
\?GG’ mat 
= 4AG, = : (9) 
Tv 


Eq. (5) gives the value for o only for resonant dipoles. 
Since o is a function of angles, it should also be written 
as 


Ne 
o(8, ¢) me G(6, $)G' (6, ¢’). 
Tv 


The dipoles in the chaff ensemble are assumed to be in 
a state of motion, fluttering and dispersion, such that 
the total scattered signal has a Rayleigh amplitude as a 
function of time. Under these conditions, the average 
power from the ensemble is just the sum of the average 


(10). 


| 
i 
| 


power per dipole. This average power is a time average © 


found by allowing the dipole to assume all the allowable 
positions in the configuration. For half-wave dipoles the 
scattering cross section equation using spherical co- 
ordinates is = 


“ NY? 
oO —s 
& Ar 


Ce) t] 
f f G(6, 6)G’(6’, 6’) sin 6déd¢, = (11) 
0 0 


» 


g ¢ r) 
A= it HL sin 6d6d¢, 
0 0 


where G(6, @) and G’(@’, #’) are the respective dipole 
gains in the direction of the transmitter and receiver, 
and WN represents the number of dipoles in the ensemble. 


and 


B. Physical Properties 


Chaff® has been used during war time as a means of 
establishing a large reflecting area to radar waves. The 
chaff was made from thin aluminum foil strips approxi- 
mately one-half-wavelength long. Packages, each con- 
taining several thousand dipoles, were released from 
bombers and allowed to disperse in the air and float 
downward. 

The first chaff which was made bent when packaged 
bundles of it were thrown into the slip stream of the air- 
plane. Such bending caused some of the strips to become 
tangled into small masses that reflected little of the 


w 


5 —D. Fink, “Radar countermeasures,” Electronics 1. 19 = 
97; January, 1946. , vol. 19, pp. 9 


(12) 
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radar wave and also fell quite rapidly. In addition, adja- 
cent strips of the smooth foil stuck to one another, pre- 
venting rapid dispersal. To solve these problems, the 
foil was embossed and then crimped along its length. 
This chaff proved to be highly dispersive and fell at the 
rate of about 150 feet per minute. It was designed for 
450 to 600 Mc and thus was 10 to 114 inches long. The 
weight of 1000 dipoles was only 2 ounces. 

Studies made during the war on the 450- to 600-Mc 
chaff show that its rate of fall depends on its orientation 
in space. Horizontal dipoles fall about two thirds as fast 
as vertical dipoles. It is thought that dipoles shaped reg- 
ularly fall in a near horizontal position. Dipoles that are 
irregular initially, or bent in the dispersal, are thought 
to fall predominantly in a near vertical position. Kuiper’ 
gives rates of fall from 150 to 500 feet per minute de- 
pending on the type of chaff as well as its orientation in 
space. 

The 450- to 600-Mc chaff dispersed about equally into 
the vertical and horizontal positions. This is in marked 


- contrast with the results for two-inch dipoles at 3000 


Mc.’ The horizontal dipoles (3000 Mc) returned more 
power than the vertical dipoles by a factor of 12 to 15 
db. This increase is thought to occur because the two- 
inch dipoles are quite regular and tend to resist bending, 
compared to the 10- to 114-inch chaff, and hence fall 
predominantly in a horizontal position. 

< , 


C. Location of the Chaff 


The optimum location of the chaff depends upon the 
criteria used. One criterion is to locate the chaff so as to 
minimize the product rir2 in (4) for a given transmitter- 
receiver separation. 

Assume that for a given transmitter-receiver separa- 
tion the sum of 71+72 is essentially constant when the 
chaff is placed somewhere between. Then the product 
rr2 decreases as the chaff is moved from a central point 
toward one of the antennas. This is easy to demonstrate 
with numbers. Let 7; and 72 each be 5; their sum is 10, 
and their product 25. Now, let 7, be 7 and 72 be 3; their 
sum is still 10, but their product is now only 21. When 
r; is increased still more to 9 and 7 reduced to 1, the 
product is now only 9. Under these conditions, the chaff 
should be as near one antenna as possible. 

The earth’s curvature makes it necessary to elevate 
the chaff. Thus, the.optimum chaff location seems to be 
directly over one of the antennas at an altitude suff- 
cient for line of sight propagation to the other antenna. 
From a practical viewpoint, this makes the chaff place- 
ment rather straight forward. 

The chaff altitude depends on the rate at which it 


- 


6 G. P. Kuiper, “A Study of Chaff Echoes at 515 Mc,” Radio 
Res. Lab., Harvard University, Cambridge, Mass., Rept. 411-73, 
p. 1; December 19, 1943. 
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falls, the desired communication time, as well as the 
height needed for line-of-sight communications. The ele- 
vation needed for line-of-sight conditions, using a 4/3 
earth-radius correction factor, is 


h = D?/2, (13) 


where 


h=altitude in feet, 
D=line-of-sight distance in miles. 


A 200-mile separation between transmitter and re- 
ceiver requires a minimum chaff altitude of 20,000 feet 
above a smooth earth. Irregular earth at the antenna 
farthest from the chaff, as well as the chaff rate of fall, 
makes it necessary to increase this altitude by an ap- 
propriate amount. 


IV. CALCULATION OF THE SCATTERING Cross SECTION 


Fig. 1 shows the positions of the two antennas with 
respect to the chaff origin. The chaff dipoles are assumed 
to be randomly oriented within the cone about the z 
axis bounded by a constant value of @. The scattering 
cross section for a single fixed dipole within the cone is 


2 
o(8, “)) = G(6, $)G' (6, ¢’), (14) 


where G(8, ¢) accounts for the chaff dipole gain includ- 
‘ing polarization with respect to the transmitting an- 
tenna and G’(6’, @’) with respect to the receiving an- 
tenna. The angles 0 and ¢ are the angles the chaff dipole 
makes with the x, y, g coordinates, while the angles 0’ 
and $’ are with respect to the x’, y’, z’ coordinates. 


~ DIPOLES ALLOWED TO TAKE 
ON ALL THE ANGLES WITHIN Z 
THIS CONE 


CunP ENSEMBLE 
CENTER 


RECEIVER 


TRANSMITTER 


Fig. 1—Basic coordinate system. 
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For a half-wave chaff dipole, the gain in the direction 
of the transmitting antenna is 


cos (7/2 sin "| 2 


G(0, 4) = 1.64] (15) 


cos 6 


This expression for antenna gain does not lend itself to 
analytical integration or to a transformation in co- 
ordinates. The pattern for a short dipole is 


G(Ox 6) = 125" cos? 6. (16) 


This expression is manageable analytically without 
great effort. The pattern of a short dipole is slightly 
wider than that for a half-wave dipole, but the error in- 
volved is not appreciable, probably being in the order of 
a few tenths of a decibel. The gain of a chaff dipole in the 
direction of the receiving antenna is 


G'(0’, ¢’) = 1.5 cos? 6”. (17) 


To evaluate the integral for ¢ in (11), it is necessary to 
transform one set of coordinates to the other. Here the 
primed coordinates are transformed back to the original 
coordinates. That is, G’(0’, 6’) is expressed as a function 
of 6 and @¢, the unprimed coordinates. This transforma- 
tion® is standard and goes as follows: Let R be the 
length of a chaff dipole. Its projections on the original 
coordinates are 


R, = R sin 6 cos ¢, (18a) 
R, = R sin @ sin ¢, (18b) 
R=" cos 6: (18c) 


Adding primes to all the values except R makes (18) 
valid for the primed coordinate system. That is, 


Re = 18 sin @cos¢', (19a) 
i = oR sin 6 sing’, (19b) 
R; = R-cos 6’. (19c) 


The projection on the 2’ axis can also be expressed as 
R, = R, cos B; + R, cos B2 + R, cos B3. (20) 


Eqs. (17), (18), (19c) and (20) yield the following ex- 
pression for G(@’, @’) in terms of the unprimed co- 
ordinates and the rotational angles {;, Bs, and 83: 


G'(6’, 6’) = 1.5[(sin 6 cos ¢ cos 81)? + (sin @ sin ¢ cos B2)? 
(21) 


Each cross-product term contains one of the following: 
sin @ cos ¢, cos ¢, or sin ¢. Each of these integrates to 
zero when ¢ goes from 0° to 360°, as it does for the coni- 
cal configuration of chaff considered here. Thus, the 
cross-product terms are omitted in the work that fol- 
lows. 

Substitution of (16) and (21) into (11) yields a solu- 
tion for the scattering cross section. The integrals with 


+ (cos 6 cos 83)? + cross-product terms]. 


80. W. Eshbach, “Handbook of Engineering Fundamentals,” 
John Wiley and Sons, Inc., New York, N. Y., pp. 2, 72; 1936. 
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respect to @ are 


Qn 24 } 
f cos ¢? = 7, f sin ¢? = 7m. 
0 0 


Thus the expression becomes 
N)\?*(1.5)? 
A 


c= 


0 
if [sin? 6 cos? 6 cos? 8; + sin® 6 cos? 0 cos” Be 
0 


+ 2 cos‘ # sin 6 cos? B3|d0. (22) | 


For the particular cone angle of 90° representing spher- 
ically random chaff, the scattering cross section becomes 


g = 0.048N22[1 + 2 cos? Bs], (23) 


since 


cos? B; + cos” B2 + cos? 8; = 1 (24) 


The scattering cross section for other values of @ is 
shown in Fig. 2 in db relative to the value of (13) when 
cos G3 is unity. 


V. CALCULATION OF THE TRANSMISSION Loss 


The transmission loss is found from (4). Letting the 
antenna gains be unity and the scattering cross that for 
random spherical chaff, the normalized loss L, is 


0.14NX4 
(42r)*(rire)? 


n 


This normalized loss is shown in Fig. 3. Actual scatter- 
ing cross sections with respect to random spherical chaff 
are given in Fig. 2. The ordinate values are added or 
subtracted from the normalized loss to give the actual 
loss exclusive of antenna gains. 


VI. HorizonTaAL CHAFF 


Half-wave chaff randomly distributed within a coni- 
cal angle about a vertical is not the most effective con- 
figuration but is a practical one for, say, 100 Mc where 
a half-wave dipole is about 5 feet long. Cutting all these 
half-wave dipoles into very short ones makes it practi- 
cal to place them in a horizontal position, which has a 
configuration gain over the conical but a reradiation 
loss since short dipoles are less effective scatterers than 
half-wave ones. 

The configuration or scattering cross section is con- 
sidered first; then the reradiation difference, and finally 
a comparison. 


A. Scattering Cross Section 


In Fig. 1, let the chaff be randomly oriented in the 
x—z plane; now rotate the drawing so that the x—z 
plane becomes horizontal. This makes the angle ¢ 
always zero, and the integral [see (11)] for the average 
cross section reduces to 
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Ae if "GO, 6)G'(6', ¢°)a0, (25) 
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Fig. 2—Scattering cross section (¢/(N) vs conical and 
transmitter angles. 
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Fig. 3—Normalized transmission loss, 
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and 


T 
4=f dé = nx. 
0 


Substitution of (16) and (21) into (25) yields 
Nnv?A(1.5)? 


2 


¢= iF [(sin @ cos @ cos 61)? + (cos? 0 cos 83)? 
0 


wT 


+ (2 sin 0 cos? 6 cos B; cos B3)|d@. (26) 


The third term integrates to zero and the first two are 


ve : T 
f sin? @ cos? @ cos? B1d@ = oS cos? B, 
0 


by 3r 
f cos! 6 cos? 8340 = i cos? 63. 
0 


Thus the integral is 
& = 0.092 cos? By + 0.27)? cos? B3. (27) 
With the use of (24), this becomes 
« = 0.272 — 0.27d2 cos? By — 0.18? cos? Bi, (28) 
which has a maximum value of 
¢ = 0.2702 (29) 


when both B, and £2 are 90°. This value compares with 
the zero ordinate value of 0.14\? in Fig. 2; thus it repre- 
sents about a 2.9-db gain over the zero scale in Fig. 2. 


B. Short Dipole Reradiation 


A short dipole compared to a half-wavelength is not 
too effective at absorbing and reradiating electromag- 
netic energy. The object of this section is to find quanti- 
tatively the amount of this decrease compared to a half- 
wave resonant dipole. Orientation is not a factor in this 
calculation; therefore let both dipoles be rotated so as to 
intercept the maximum power from an incident plane 
wave. The current at the midpoint of the dipole is 


Vee 
Za 
where 


Voe= EL’, 

E=incident electric field strength, 
L' =effective length of the dipole, 
Z.= dipole impedance, R+jX. 


The power reradiated by the dipole is 
Pi Tk 
(EL’)?R 


ov ff 30 
(R+jX)? 2 


d 
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Let L, be the length of a half-wave resonant dipole and 
Lz the length of a short dipole. In comparing the reradia- 
tion ability, assume that the short dipoles outnumber 
the half-wave dipoles so that the same total footage of 
each type exists. That is, for every half-wave dipole let 
there be m short dipoles when m=L;/L2. A half-wave 
resonant dipole has zero reactance and a radiation re- 
sistance of about 70 ohms. With these values, the radi- 
ated power ratio H/S becomes 


iH Gay? (RotjX2)? | 


= (31) 
| Glas 2 Ban OKs 
The effective lengths are 

211 

Ly = — = 0.642, L=/2, (32a) 
Tv 
2D 

Ly! = ee = 0.67L, L<nr/2. (32b) 


Effective lengths are defined in Jordan? with current 
distributions as given by Schelkunoff and Friis.1° Eq. 
(32b) represents the pai tine value for infinitely short 
dipoles. 

The ratio now becomes 


Sag UE (33) 


oe OR: 
The radiation resistance of short dipoles is 
Xe 
R = 80r? (=) : (34) 


Substitution of (32b) for the effective length gives 


ae 
R = 350 (=) 
r 


The reactance of a dipole depends on its shape as well 
as its length-to-width ratio. Jordan™ and Schelkunoff!? 
both show curves of reactance vs length for several 
length-to-width ratios. The curve in Jordan labeled 
ro/%. =0.001 and the one in Schelkunoff for a/b=70.7 
are about the same. Both of these represent for a flat 
dipole a length-to-width ratio in the range of 20 to 35. 
Smaller ratios reduce the reactance but are not thought 
to be practical. Table I lists the reactances, resistances, 
and the H/S ratio for various lengths Le» of short flat 
dipoles. 


(35) 


9 E. C. Jordan, “Electromagnetic Waves cha Radiata Systems,” 
Prentice-Hall, Inc., New York, N. Y., p. 333; 1950. 

HUIS A. Schelkunoff and H. T. Friis, “Antennas, Theory and 
Practice,” John Wiley and Sons, Inc. , New ork Ne Yen pi 24251952: 

a Jordan, op. cit., p. 364. 

2S. A. Shelkunoff, viAdy anced Antenna Theory,” John Wiley and 
Sons, Inc., New York, INO e-ups a e19525 
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C. Comparison of Reradiation Loss and Horizontal En- | 
semble Gain for Short Dipoles 


The reradiation loss of short dipoles is merely a meas- | 


ure of their decreased ability to scatter electromagnetic 
energy compared to half-wave dipoles. The same foot- 
age of material is used in both cases; thus, short dipoles 
one-tenth the length of a half-wave dipole are ten times 
more numerous in their ensemble. This loss is listed in 
Table I for various lengths of short dipoles. 

The short dipoles are assumed to be randomly dis- 
tributed in a horizontal pattern, whereas the half-wave 
dipoles have a random distribution within a fixed angle 
about a vertical axis. The scattering ability of the hori- 
zontal ensemble is 8.6 db better than a 30° conical en- 
semble and increases rapidly with a decrease in polar | 
angle. Other values of conical angles are shown in Fig. 2 — 
for Bs=90°, remembering that the horizontal ensemble _ 
has a value 2.9 db above the zero axis. ° | 

Fig. 4 is a plot of the reradiation loss as a function of 
short dipole length. The horizontal ensemble gain over 
various conical angles is also indicated on the curve. 
For example, short dipoles 0.2 long have a reradiation 
loss of 26.8 db and the horizontal ensemble has a gain of 
this same amount over a conical ensemble of somewhat ~ 
less than 5°. 


TABLE I 
RERADIATION Loss Factors 


LI» ‘o-rans Ro X2 A/S 
0.4r UW APAS) 56.0 140 6.5) 2 8.27db5 
0.2r 259 14.0 450 480 26.8 db 
0.15d 3.3 7.9 560 1700 32.3 db 
0.10 5.0 las 830 13X108} 41.1 db 
0.05A 10.0 0.9 1600 440X108) 56.4 db 
60 
ile) 
40 
» 30 
on 
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5 
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3 
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0.5% i 
SHORT DIPOLE LENGTH 
Fig. 4—Reradiation loss and horizontal ensemble gain for 


short dipoles, where B;=90°. 
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VII. ConcLusions 


The first part of this report was concerned with find- 
ing an analytical expression for the scattering cross sec- 


- tion of chaff oriented randomly within a vertical cone. 


A vertically polarized receiver is assumed off on the 
horizon and the transmitter on the ground below the 
chaff. The cross section is a function of the conical angle 
of the configuration and the angle between a normal to 
the ground and the incident electric field from the trans- 
mitter. Fig. 2 is a plot of the scattering cross section as a 
function of these two angles. The values are all relative 


- to the same number of dipoles placed in a spherical ran- 


dom ensemble. Fig. 3 is a nomogram for finding the 
transmission loss for a spherical random ensemble. The 


Diffraction 
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necessary corrections to the conical ensemble are ob- 
tained from Fig. 2. 

Half-wave chaff randomly distributed within a coni- 
cal angle about a vertical is not the most effective en- 
semble but is a practical one at the lower frequencies. 
Cutting all these half-wave dipoles into very short ones 
makes it practical to place them in a horizontal position 
which has an ensemble gain over the conical but a re- 
radiation loss since short dipoles are less effective scat- 
ters than half-wave ones. The second part of this report 
compared the reradiation loss and horizontal ensemble 
gain. Fig. 4 is a plot of the loss as a function of the short 
dipole length. The horizontal ensemble gain over various 
conical angles is also indicated on the curve. 


by a Slit* 


ROBERT PLONSEY{, SENIOR MEMBER, IRE 


Summary—The electric field diffracted by a strip caused by an 
incident cylindrical wave with E parallel to the edge, at various an- 
gles of incidence, is measured in a parallel plane medium. The field 
is compared with that computed from geometrical optics currents 
and with the addition of equivalent line currents at the edges. The 
edge “line currents” improve the geometrical optics current field par- 
ticularly at oblique incidence. 

I. INTRODUCTION : 

‘\ SOLUTION to the problem of the diffraction of 
electromagnetic waves by a strip was first given 

by Morse and Rubinstein.’ In their method of 


~ solution the strip is considered as the limiting case of an 


elliptical cylinder, and an eigenfunction solution is de- 
veloped. This result is expressed in the form of an in- 
finite series involving Mathieu functions. 

Because of the inadequate tabulation of Mathieu 
functions and also because of the slowness of conver- 
gence for large arguments, the above solution has been 
cumbersome to use, and satisfactory approximate tech- 
niques have been sought. Thus, from an analysis of the 
induced currents on a strip of width /m and 2r/3 
caused by normal plane wave incidence and with E 
parallel to the edge, Moullin and Phillips?* character- 


* Received by the PGAP, May 31, 1960; revised manuscript re- 


eived, August 1, 1960. 

: ey ice core, Dept., Case Institute of Technology, Cleveland, 

Ohio.: 

1 P. M. Morse and P. J. Rubinstein, 

ribbonsand by slits,” Phys. Rev., vol. 54, pp. 895-898; December, 1938. 
2. B. Moullin and F. M. Philips, “On the current induced in a 

conducting ribbon by the incidence of a plane electromagnetic wave, 


_ IEE, vol. 99, pp. 137-150; July, 1952. 5 a 
as BB; Moullin, On the current induced in a conducting ribbon 


by a current filament parallel to it,” Proc. IEE, vol. 101, pp. 7-17; 
February, 1953. | ; 


“The diffraction of waves by 


ized the diffracted field as due to geometrical optics cur- 
rents plus equivalent line currents at the edge. In this 
formulation they followed an approach originally sug- 
gested by Braunbek.*® 

Moullin and Phillips noted that the currents near the 
edges of a strip are very similar to that near the edge of 
a half plane, provided the strip is 2\/m or greater in 
width. By examining the “deviation from geometrical 
optics” currents for the half plane, the author® de- 
veloped a more generalized “edge current” which per- 
mits consideration of oblique incidence. We summarize 
this development below. 

Considering the geometry in Fig. 1, the Sommerfeld 


H ING 


Fig. 1—Half-plane geometry. 


4W. Braunbek, “Neue Naherungsmethode fiir die Beugung am 
eben Schrim,” Z. Physik, vol. 127, No. 4, pp. 381-390; 1950. 

5 W. Braunbek, “Zur Beugung an die Kreisscheibe,” Z. Phystk, 
vol. 127, No. 4, pp. 405-415; 1950. 

6 R. Plonsey, “Diffraction by cylindrical reflectors,” Proc. IEE, 
vol. 105, pp. 312-317; January, 1958. 
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solution’ gives a current distribution as follows, if the 
incident electric field has an amplitude /y/e. We obtain 


eit l4 


VT 


—V2kr cos $0/2 V2kr cos $0/2 
pee ape 
—oo —0 


— 7 (kr+m/ 4) 
+ 24/—sin << —— 3 (1) 
7 2 V/kr 

where K is the surface current density. This result is ob- 
tained by equating the surface current to the discon- 
tinuity in the tangential magnetic field at the surface 
of the half plane. The quantity in the brackets of (1) 
can be written 


V2kr cos 60/2 
=e le Pek el dt = 
V 2kr cos ¢o/2 


— Verein) 42 Hf ee itds (2) 
VS 2kr cos 9/2 


K = — 2sin doe*7 8 ¢0 


2Qkr cos go/2 
La — pitas edt 


0 


Eq. (1) can now be written 


eitl4 


K = Koo — 48in doe?*? 8 0 


cafe cial 
V oer cos $9/2 


faye do ei (kr+m/4) 
+2 4/ sin —- aaa) (3) 
7 2 WVkr 


where K,o=2 sin do exp (jkr cos ¢o) is the geometrical 
optics current. The two remaining terms in (3) give the 
“deviation current” Kp. The integral in (3) is a Fresnel 
integral for which we have the following asymptotic ex- 
pansion for large argument: 


F(x) -f eit dt = =(1 a a Be ge ei 
ze 2x Da x— 0, 


The leading term of this expansion when substituted 
into (3) cancels the third term of that expression. The 
final result is 


0 
sin o e ikr—n 4) 
Zs 


ae / In (kr)3/2 cos? (60/2) 4) 


Eq. (4) yields Kp asymptotically for large (kr). Since 
the deviation currents decrease rather rapidly |i.e., 
O(r-*!?) | from the edge, the field produced by these cur- 
rents can be ascribed to an equivalent line current at the 


7A, Sommerfeld, “Optics,” 
N. Y., pp. 249-265; 1954. 


Academic Press, Inc., New York, 
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edge. The “line current” will be non-isotropic. Remain-_ 
ing details are in a previous paper.® An effort to confirm” 
experimentally the usefulness of this analysis is given in — 
this paper and in one by Silver and Chang.® In both 
cases the effort fails, partly because the “line currents” 
are not very large, and the geometrical optics curcents 
alone give good results. | 

When an incident wave is oblique to an infinite strip, | 
the edge effect is enhanced, as reference to (4) would 
confirm. Such a conclusion is also clear if we consider 
edge-on incidence where geometrical optics predict ne 
perturbation at all. Consequently a strip, excited by a 
line current for different inclinations of the strip, was 
considered. The geometry is illustrated in Fig. 2. The 
primary source is a line current; consequently the inci- 
dent wave is cylindrical, but was treated as being 
locally plane at the edges. The electric field was meas- 
ured over a circular path whose center is at the line 
source and was compared to that calculated from ge- 
ometrical optics currents, Kzo=2 sin @o exp (jkr cos ¢$o), 
with and without the edge correction of (4). 


Fig. 2—Geometry for diffraction by a strip. 


The measurements were performed in a parallel plane 
region as described previously.* The strip reflector was 
cut from solid brass so that it has a “U” shaped cross 
section and was 0.020 inch thick, and 1.6 at 9375 Mc. 
It was equipped with shim stock spring contacts to the 
upper and lower parallel planes. Accuracy was believed 
to be +0.2 db. Calculations required the use of Fresnel 
integrals and, subject to the assumptions in setting up 
the model, were essentially precise. It should be noted 
that a reference field intensity, such as the incident field, 


8 W. Chang and S. Silver, “Current Distributions on Circular 
Cylindrical Reflectors,” Electronic Res. Lab. Ser., University of 
Calif., Berkeley, No. 6, Issue No. 193; August, 1957. 
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drical wave, as measured. (¢=0; frequency =9375 Mc.) 0=geo- 
metrical optics, X =edge currents added. 
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Fig. 4—Electric field pattern for inclined strip due to incident cylin- 
drical wave, as measured. (¢ =60°; frequency 9375 Mc.) (See Fig. 
2 for geometry.) 0 =geometrical optics. X=edge currents added. 


DECIBELS 


130 140 150 %O 170 180 190 200 UO 220 730 70 
6 — DEGREES 


"We 120 


Fig. 5—Electric field pattern for inclined strip due to incident cylin- 
drical wave, as measured. (¢=75°; frequency =9375 Mc.) (See 
Fig. 2 for geometry.) X=corrected, 0= geometrical optics. 
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was not established. Consequently, only relative values 
in the measured curves of Figs. 3-5 were actually ob- 
tained and in each case a reference was arbitrarily estab- 
lished so that the closest agreement with the calcula- 
tions resulted. 

Fig. 3 corresponds to normal plane wave incidence 
and confirms the above remarks that the geometrical 
optics currents alone give good results. Figs. 4 and 5 are 
for oblique incidence and illustrate how the field calcu- 
lated from geometrical optics currents becomes inac- 
curate as the angle of incidence increases. The measure- 
ments are given by the solid curve while points calcu- 
lated from geometrical optics are shown by circles; those 
points whose calculation includes an edge-current cor- 
rection are denoted by x. 

They also indicate that inclusion of edge currents 
under these conditions will improve the calculated pat- 
tern. It is possible that this technique will be useful in 
predicting the edge effect of an arbitrarily shaped cy- 
lindrical reflector. 
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Matrix Relations for a Linear 
Array with Dipole Elements 
in the Fresnel Zone* 


This communication is an extension of a 
previous paper! to the Fresnel region. The 
electric dipole elements are shown to be 
arbitrarily distributed along the x axis, in 
Fig, 1. The magnetic field at the observation 
point P(p1; ¥1; ¢) due to the dipole element 
A,at position x =x; will be 


4 i 
= eS eee —ikeP 1, 1 
Hg, Abe a nv Peat) 


Using Stratton’s definition for spherical 
Hankel functions of the second kind,? (1) 


P. 


Higa ts 


* Received by the PGAP, October 4. This 
work was done while the author was a consultant for 
the Rad, Lab., University of Michigan, Ann Arbor, 
during summer 1958, 

1H. Unz, “Linear arrays with arbitrarily dis- 
tributed elements,” IRE TRANs. ON ANTENNAS AND 
PROPAGATION, vol. 8, pp. 222-223; March, 1960. 

2jJ, A. Stratton, “Electromagnetic Theory,” Mc- 
oe Book Co,, Inc., New York, N. Y., p. 405; 

1, 


may be rewritten as 
= Aj) (kpr) sin Yr. (2) 


By adding the contributions of all the dipole 
elements in Fig. 1, and using elementary 
trigonometric considerations, one gets from 
(2) the total magnetic field 
19 (2) 
Hy, = kRsiné 2 Ppa) (3) 
1=0 Rp 
where A; is the complex amplitude (ampli- 
tude and phase) of dipole /. 
The addition theorem given by Morse 
and Feshbach? (given originally by Gegen- 
bauer, Sonine and Watson‘) is 


In (hpi) 1 fue) 
as 2n + 3 
Rpt RR eo eae uke 
*Tiny1™ (RR) Ty1(cos 6), (4) 


where j,,(kx1) and h,°)(kR) are the spherical 
Bessel and Hankel functions and 7),!(cos @) 
is the Gegenbauer polynomial of the first 
order as defined by Morse and Feshbach.? 

Defining the Fresnel region pattern 
F(6; Ro) at any sphere, R= Ry by 


—ikRo 


Hy = —— F (6; Ro) = ho (Ro) F (0; Ro), (5a) 
where the far zone (Fraunhofer region) pat- 
tern F(@) will be 


FO) = Aus F(@; Ro). (5b) 


Rom 


It may be expanded as follows by using the 
orthogonality property of the Gegenbauer 


3 P. M. Morse and H, Feshbach, “Methods of 
Theoretical Physics,” McGraw-Hill Book Co., Inc., 
New York, N. Y., pp. 782-783, 1574; 1953. 

4G, N. Watson, “Bessel Functions,’ ? Pie 
Univ. Press, Cambridge, Eng., p. 363; 


polynomials: 
F(@; Ro) 
= sin @ >, (2n + 3)en(Ro)Tn'(cos@). ~ (6) 
n=0 


Substituting (4) in (3) and (6) in (5a), one 
gets the relationships 


n (kx ) 
ain(Ro) = Yn4i(Ro) By ete § (7) 
1=0 kx 
where 
Tinga @) (RRo) 
n Ro) = f = 0. 
v +1 o) hio® (kRo) One a 


In case of a far zone pattern Ro— ©, one 
gets? 
jim ynqi(Ro) = i". (8) 
Roo 
Since (7) holds for every n>0, it may be 
rewritten in the following matrix form: 


ain( Ro) Jn (kx1) 
tape [ kxy 


The importance of finding the Fraun- 
hofer far zone pattern from measurements 
in the Fresnel region has been pointed out 
previously. Eqs. (7) and (9) give this 
possibility for antenna arrays made of di- 
pole elements. 


? A i]. (9) 


H. Unz 

Elec. Engrg. Dept. 
University of Kansas 
Lawrence, Kan. 


5 R. W. Bickmore, “Fraunhofer pattern measure- 
ment in the Fresnel region,” Canad. J. Phys., vol. 35, 
pp. 1299-1308; 1957. 

6 D. K. Cheng, “On the stimulation of Fraunhofer 
radiation patterns in the Fresnel region,” IRE TRANS. 
ON ANTENNAS AND PROPAGATION, vol. 5, pp. 399-402; 
October, 1957. 
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Multiple-Parameter Presentation 
of Radar Meteor Echoes* 


A circuit is given enabling the range, time 


_ of occurrence, duration, maximum ampli- 
tude, and amplitude variations in radar 


echoes from meteor trails to be presented on 
a single-beam oscillograph. 


I. INTRODUCTION 


Radar echoes from a single meteor trail, 


-using—if desired—a common-antenna ar- 


ray, give information on the range, time of 
occurrence, duration, maximum amplitude, 
and amplitude variations. The work pre- 


- sented here enables all these parameters to 


be presented on a single-beam oscillograph, 
suitable for photographic recording. 

The intensity-modulated presentation 
normally used in radar for meteor patrol 
purposes was used in the present equipment. 
The system operated conventionally at 
69.0 Mc, transmitting pulses of 90-kw 
peak power and 16-ysec width, at a pulse- 


_ recurrence frequency of 150 per second. The 


linear receiver had a noise figure of 1.95 db. 


_ The positive-going echo output from the re- 


ceiver was applied to the grid of a cathode- 
ray tube, giving spot brightening of a nearly 
blacked out time-base. 


II. ADDITION oF EcHo AMPLITUDE 
PRESENTATION 


A. General Considerations 


In principle, all that is required to show 
echo amplitude is to add the receiver-output 
pulse waveform to the linear sweep voltage, 
with accelerated film motion if necessary. 
A circuit to achieve this, in which the pulse 
voltage accelerates the electron beam, caus- 
ing reduced intensity or a “hole” in the time 
base, of length proportional to the echo am- 
plitude, has been given by Pineo and Peck.’ 
With this arrangement, however, it is pos- 
sible that the hole will be partly filled in 
by the next time-base trace moving over 
the same part of the cathode-ray tube 
screen, if the amplitude or range is altering 
at a greater rate than the film motion. Also, 
their pulse amplifier feeds directly into the 
low-output impedance of a cathode follower, 
which must restrict the available voltage 
output if a linear copy of the signal ampli- 


- tude is to be maintained. These facts, to- 


gether with the wish to use positive modula- 
tion, led to the development of the follow- 
ing circuit. 


B. The Additive Mixer 


When a cathode follower is required to 
accept large negative-voltage waveforms, 
its quiescent current must be high. To avoid 
this, and since the existing sweep generator 
output is negative-going, two “anode fol- 
lowers” are used in cascade (Fig. 1). The 
first anode follower adds the pulse and sweep 
voltages without mutual interference, and 
the second inverts the compound-sweep 


* Received by the PGAP, October 21, 1960. The 
work for this note was carried out in part under Con- 
tract AF64(500)-6 of the AF Cambridge Res. Center, 
Cambridge, Mass. $e 8 ; 

1V. E. Pineo and R. C. Peck, “A circuit for simul- 
taneously recording the range, amplitude and duration 
of radar-type reflections,” Rev. Sci. Instr., vol. 22, pp. 
112; February, 1951. = 
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waveform. Since the sweep-generator output 
has undergone two phase reversals at unity 
gain, there is no change in its polarity or 
magnitude. (A double-pole switch is suffi- 
cient to remove the amplitude parameter. 
Since the output impedance of the anode 
followers is very low, the stray capacitance 
across the switch contacts is of no conse- 
quence. ) 

With simple mixing, the intensity of the 
pulse trace is proportional to the instantane- 
ous pulse amplitude, and consequently there 
is no clear indication of where the pulse be- 
gins to accelerate the time base. It therefore 
becomes necessary to delay the pulse input 
to the mixing circuit until the intensity has 
risen sufficiently, by application of the pulse 
to the grid of the oscillograph tube, make 
the time base visible. A principal advantage 
of the circuit is that in the absence of an 
echo there is no bright-up, and consequently 
no problem arises due to subsequent time- 
base sweeps overlying the wanted signal. 

The various waveforms and time rela- 
tionships are shown in Fig. 2. The delay re- 
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Fig. 1—Circuit diagram of additive mixer. 
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square wave is used to displace alternate 
time bases; synchronous echoes therefore ap- 
pear in duplicate. This facility has been re- 
tained, resulting in the appearance of echoes, 
as in Fig. 3. It was thought that this “jitter” 
might still be necessary to identify the 
shortest duration echoes, but it is now ap- 
parent that the presence of linear bright-up 
alone would be adequate for recognition of 
such echoes. 


TIME BASE VOLTAGE. 
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Fig. 2—Time relationship of signals 
applied to oscilloscope tube. 


Fig. 3—Echo presentation. Range increases vertically downwards and time increases from right to left. Both 
traces cover one minute of recording. (a) Four echoes, with the main echo showing amplitude saturation and 


deep fading. (b) Four typical echoes. 


quired is of the order of half the pulse 
length, or about 13 usec, which can readily 
be achieved by a simple integrating circuit. 
If all echoes are assumed to be of the same 
width, then the integrated output will be a 
linear function of the input amplitude. This 
constancy of width is reasonably true for all 
but the longest duration echoes, when errors 
may arise due to widening of the received 
pulse by winds which distort the meteor 
trail.2 Such echoes are few in number. 

In order to facilitate echo recognition in 
the absence of amplitude presentation, a 


2 J. S. Greenhow, “A radio echo method for the 
investigation of atmospheric winds at altitudes of 80 
to 100 km,” J. Atmos. Terrest. Phys., vol. 2, pp. 282- 
291, 1952. 


Initial maximum amplitude and range 
data were used to calculate line densities of 
electron concentration in meteor trails, and 
these values were then converted to meteor 
magnitudes.’ The range of magnitudes ob- 
served is a function of the equipment. In the 
work for this note, meteor magnitudes be- 
tween 7 and 11 were simply recorded in this 
way. 

GO ELLYETr 

A. C. STANBURY 
University of Canterbury 
Christchurch, New Zealand 


3 T. R. Kaiser, “Radio echo studies of meteor ioni- 
zation,” Phil. Mag., Suppl., vol. 2, pp. 495-544; 
October, 1953. 
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Amplitude Comparison Error of a Fi 
Signal Received by Two Circularly- 
Polarized Antennas Due to Off- 
Axis Ellipticity* 


Target location by post-detection beam- 
interpolation amplitude comparison is a 
simple method of tracking, provided that 
the beamshape of each antenna in the re- 
ceiver array is identical and known as a 
function of angle, and most important, that ie) § 
the antennas are linearly polarized and have 
a common plane of polarization. In an ap- 
plication where it is necessary to have cir- 
cularly-polarized receiving antennas, am- 
plitude conparison is erroneous, due to the Ww 
fact that the polarization of any circularly 
polarized antenna increases in ellipticity as 
a function of angle off-axis. (See Fig. 1.) 

Consider only two identical antennas, 
spaced and oriented such that the angular 
beam spacing is 6 and the crossover is lo- 
cated at 6=6/2 with respect to the first ele- 
ment. (See Fig. 2.) The axial ratio r is then 
different for each antenna for any 0<@<6. 

Since the antennas are angularly dis- 
placed, the normalized far field amplitudes 
are related as 


ANTENNA 
wl 


Fig. 3—Ellipticity variation. 


AXIAL RATIO 


E-FIELD 


Sag oapiens = 


Fig. 2—Beam overlap for amplitude comparison. 


Fig. 4—Polarization angle. 


F,(0) = Fi(6 — 6). (1) 


If one considers elliptical polarization, it is where 


convenient to define a unit polarization 


vector, Fx* = 1px*Fr, (6) 
(aes 15) + 19! + 19’(jr) (2) ae (1 + 22) | (1 + rrri) cos (rr — 71) + 9(r1 + rr) sin (rr — 71) | Fi () 
/1+r? (1 + ri?) | (1+ rere) cos (rr — 72) + 5(r2 + rz) sin (rr — 72) | Fa 
— taking th 
where j= 1/ —1 denotes time quadrature. If aking the absolute value 
one further considers a polarization or tilt ; 5 — 
angle + of the major axis of polarization |; tr | Grim 1 rr) 0 = rv) sinter 20 (8) 
ellipse, then (2) becomes 1+7r24L(1 + rere)? — (1 — rr?) (1 — re) sin? (rr — 72) 


13(cos r + jr sin 7) a lo(sin + — jr cos Ge 


Thus, if the antennas are identically polar- 


Ip = Vine ized, 7.e. 7) =72 and t7 —71 =7, it is noted that 
ne? (3) normal amplitude comparison, 

The complex voltage or current induced by A= ae 

an elliptically polarized wave incident upon Pr, (9) 


a receiving antenna is 


i (4) 


% 1pp:1pR*,)? 
R 


exists, except when the receiving antennas 
are elliptically polarized. 


Polarization 


A for 7 = 72 


where the subscripts T and R refer to trans- Transmitter | Receiver 
mitted and received signals and the asterisk ; Pea Aoi ts? 1 —@ — 1?) sin?r Is 
x : Linear Elliptical 
(*) denotes complex conjugate. Thus, the 1+nz 1— f= G =A eae — r22) sin? + 
normalized post-detection voltage amplitude Fi (ttnypi tree 
° . r 
comparison 1s Circular Elliptical : : [ : | 
Fe (1 +72) Li +7r2 
* | ter: F,* | 5) Elliptical | Elliptical | (8) 
= ’ 
| lpr: Fy* | Rie Fi 
All other combinations — 
Fo 
fice by ae November 17, 1960. 
. L. Kales, art —elliptically polarized 
waves and antennas,” Proc. IRE, vol. 39, pp. 544— H. B. QUERIDO 


= May, 1951. 

2M. L. Kales and J, I. Bohnert, “Elliptically 
polarized waves,” Naval Res. Lab., Washington, D, C. 
Rept. No. 3686. 


Electronics Div. 
Westinghouse Electric Corp. 
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Octave-Bandwidth Feed Horn — 
- for Paraboloid* , be 
This note describes a broadband feed FREQUENCY FREQUENCY 
horn! which, when mounted at the focal ae PS SRE eos Ss 
point of a parabolic dish, yields equal E- A eel (aa cereeeyeet) 
and H-plane radiation patterns. The aper- =? 
ture of the feed horn (Fig. 1) is circular in 


cross section and operates on the funda- ke 
_ mental TE;,;-waveguide mode. Single-mode 
operation of the TE; over a wide frequency 
_ range was obtained by quadruple-ridge load- 
ing of the circular waveguide feeding the 
horn. 
, An antenna consisting of a horn mounted 
' at the focal point of a parabolic dish of 
_ f/D=0.42 was constructed to check the 
' radiation patterns of the complete antenna. 
_ The results of these tests showed that the —27 
_ E- and H-plane patterns taken at the fre- 
quencies of 15.1 and 30.2 kMc have identical 
_ half-power beamwidths of 1.2 degrees with 
the principal-plane sidelobes at least —23 
__ db down from the main beam. The antenna, 
' consisting of the feed horn mounted at the 
- focal point of the parabolic dish, is shown 
in Fig. 2. 
The secondary radiation patterns of the 
antenna were measured on a 1100-foot an- Sees 
tenna range at the frequencies of 15.1 and Sean eneaniath 
30.2 kMc, and are shown in Fig. 3. It can be ( 12° 
seen from these patterns that, at both fre- 
quencies, the E- and H-plane patterns have 
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FREQUENCY 
30.2 kMc 
ie =db Beamwidth ) 
ese 


FEED PROBE 


DECIBELS 


Fig. 1—Schematic diagram of the quadruply-ridged 
__circular-waveguide antenna feed horn. 


= -33 : 
neg -6 -3 ie} +3 +6 +9 ar =e —] Q +3 +6 +9 
DEGREES DEGREES 
Fig, 3—E- and H-plane radiation patterns of the parabolic antenna, 
E€-PLANE fan 
Fig. 2—Photograph of the parabolic antenna, 
“é Received by the PGAP, October 27, 1960. PReOENCTnie kMc PREQUENCY 30.2 kMc 


1J. K. Shimizu, po verese pororal ropes 
Experiments,” Final Rept., pt. 2, Stantfor es. Inst., . E ari 
Renin Park, Calif., Contract AF30(602)-1871, SRI Fig, 4—E- and H viene piace radiation 
Project 2604; March 19, 1960. - patterns of the feed horn. 
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, CUTOFF APPROACHES -- 
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| WAVEGUIDE AT THE LIMIT | 


| 


NORMALIZED TE 


Fig. 5—Normalized quadruply-ridged circular wave- 
guide TEu and TMoi—cut-off wavelength 
(¢/a=0.50). 


equal half-power beamwidths of 1.2 degrees 
with all the sidelobes at least —23 db down 
from the main beam. These radiation pat- 
terns were produced with a quadruply-ridged 
primary feed horn having a cylindrical 
aperture 0.587 inch in diameter. This aper- 
ture corresponds to 0.75 Az, where Xz is the 
free-space wavelength at the lower operating 
frequency. 

The primary E- and H-plane radiation 
patterns of the feed horn alone, taken at 
15.1 and 30.2 kMc, are shown in Fig. 4. The 
E- and H-plane patterns of the horn at 15.1 
kKe show that the patterns are approxi- 
mately 10 db down from the main beam at 
the angle of +61.5 degrees. This angle cor- 
responds to the edge of the parabolic dish 
with a focal-length-to-diameter ratio of 
f/d=0.42. At the frequency of 30.2 kMc, 
the aperture opening of the horn of 0.587- 
inch diameter corresponds to 1.50 \,, where 
Mn is the free-space wavelength at the higher 
operating frequency. It can be seen from 
Fig. 4 that the pattern in the £ plane is 
sharper than the H-plane pattern,? with the 
sidelobe levels at least —20 db down within 
the angle of +61.5 degrees. 

To be able to propagate a single TEy 
mode over at least a 2:1 frequency range in 
a circular waveguide, some means of sup- 
pressing the higher-order modes is required. 


2G, C. Southworth, “Principles and Applications 
of Waveguide Transmission,” D. Van Nostrand Co., 
Inc., New York, N. Y., pp. 404-407; 1960. 
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Fig. 6—Bandwidth of the quadruply-ridged 
circular waveguide (t/a =0.50). 


When exciting the TE mode in a circular 
waveguide with the feed probes arranged as 
shown in Fig. 1, the first of these higher-or- 
der modes that will tend to destroy the de- 
sired feed-horn pattern will be the TMa. 
The TM mode was suppressed by ridge- 
loading the circular waveguide. 

In order to determine the effects on the 
cutoff frequencies of the TE; and the TMa 
modes as the ridge dimensions are varied, a 
quadruply ridged cavity was constructed 
and tested as a band-pass filter. The cross 
section of the cavity was constructed so that 
the length / and thickness ¢ of the ridges 
could be varied. The results of these tests are 
shown in Fig. 5. In Fig. 6, the ratio of the 
two cutoff wavelengths is plotted as a func- 
tion of the ratio //a. This ratio corresponds 
to the bandwidth available between the cut- 
off of the TE, mode and the cutoff of the 
TM mode. The data presented in Fig. 5 
are for the case when t/a=0.50, and the 
TEu-mode cutoff wavelengths for several 
other combinations of ridge thickness and 
length have been measured by Chait and 
Sakiotis.® 

With a quadruple-ridge-loaded circular 
horn mounted at the focal point of a para- 
bolic dish, it was possible to obtain equal 
beamwidth patterns at the two discrete fre- 
quencies, which are separated one full 
octave. Although the antenna described in 
this note was specifically designed to operate 
at 15.1 and 30.2 kMc, the feed horn for this 
antenna is capable of propagating a single 
TEn mode over the frequency range from 


3H. N. Chait and N. G. Sakiotis, “Broad-band 
ferrite rotators using quadruply-ridged circular wave- 
guide,” IRE TRANS, ON MICROWAVE THEORY AND 
TECHNIQUES, vol. MTT-7, pp. 38-41; January, 1959. 
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12 to 36.2 kMc. The design data which are 
included in this paper show that it is pos- 
sible to design a horn of this type to operage 
over a frequency band of more than 4:1. 

A quadruple-ridge-loaded horn of this 
type may find many uses as a broad-band 
horn as well as a feed to yield a constant- 
beamwidth secondary pattern when mounted 
at the focal point of a parabolic dish. 
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On the Definition of the Effective 
Aperture of Antennas* 


According to IRE Standards on Antennas 
published in 1948, the aperture area, hence- 
forth referred to as the effective aperture, of 
an antenna is defined as \2D/4a where D 
denotes the directivity of the antenna. It is 
currently well known among antenna engi- 
neers that if we define the effective aperture. 
as 

Pe power received 


Ays 
S* incident power density 


then the quoted definition applies only to 
the optimum case where the incident field 
has a polarization matched to that of the 
vector effective height of the antenna, aside 
from the condition that the load impedance 
is also matched to the antenna impedance. 
Since the previously mentioned Standards 
is a little obsolete anyway, we would like to 
introduce a revised definition for that term 
which has a broader coverage. 

In the general case where the polariza- 
tions andthe impedances are not matched, 
one may evaluate the value of P,/S* as con- 
tained in (1) and derive the following 
formula for A, namely, 


D6, $) 
ag 


A= (2) 


where 


D(@, ¢) =directivity of the antenna de- 
fined in the direction of incidence 
of the incident field (0, ¢), 

q=impedance mismatching factor 


_ ARRy, 
(R+R1)?*+(X+X1)* | 


* Received by the PGAP, November 7, 1960. Part 
of this research was performed under Contract AF 
33(616)-7614, sponsored by Wright Air Dev. Div., 
Wright-Patterson Air Force Base, with the Ohio State 
University Res, Foundation. 


Zi=R1,+jX1r=load impedance, 
Z=R-+jX =antenna impedance de- 
fined at the load terminals, 
p=polarization mismatching factor 


- 4 h-E'|? 
[ariel 
h= hohe =vector effective height 
of the antenna, 


E’= E'6-+E,’6=incident electric field. 


As shown by Deschamps,! the polarization 
mismatching factor can be described in a 
very neat form by means of the Poincaré 
sphere; that is, 


p= cos? 5 (3) 


where 25 denotes the angular distance be- 
tween the two polarization states corre- 
sponding to that of A and E* (conjugate of 
E*) as defined on the Poincaré sphere. In 
terms of the polarization ratios defined by 


h Es* 
“? = teiB and a ele (4) 
he Eg 
pis given by 
_ 14:59? + 2stcos (a + B) (5) 
+5900 +2) 
Polarization matching corresponds to a= —B 


and s=t, as first pointed out by Yeh.? The 
use of (2) as the definition of the effective 
aperture of an antenna removes the restric- 
tions imposed upon by the old one. If one 
deals with a matched load, then g=1 and 
the corresponding effective aperture will be 
denoted by 


_ DE, $) 


“a (6) 


™m 


If the polarizations are also matched, then 
p=1, and the corresponding effective aper- 
ture will be denoted by 


_ DE, 4) _ 


rm (7) 


mm 


Finally, if the incident field is incident upon 
in the direction of maximum directivity, D, 
of the receiving antenna, we have the opti- 
mum case, 2.é., 


2D 


7 (8) 


Aw = 


From (1) and (2), it is also relatively simple 
to derive the transmission formula of Friis 
as applied to the unmatched cases. Thus, if 
we substitute (9), 


si P.D.(6, ¢) 
Arr? 


(9) 
into (1), and use the formula for A as given 


1G, A. Deschamps, “Geometrical representation 
of the polarization of a plane electromagnetic wave,” 
Proc. IRE, vol. 39, pp. 540-544; May, 1951. 

2 Yung-Ching Yeh, “The receiving power of a re- 
ceiving antenna and the criteria for its design,” PRoc, 
IRE, vol. 37, pp. 155-158; February, 1949. 
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by (2), the following relation is obtained.: 


fae Nae 
F = pa( 2) D.0,9)0.0,8) 0 
t 710 

where ¢ and ¢ denote, respectively, the para- 
meters pertaining to the receiving and the 
transmitting antennas. Finally, it may be 
mentioned here that if the incident field is 
randomly polarized, the average value of p 
as evaluated on the Poincaré sphere is sim- 
ply equal to } which can be verified as fol- 
lows: 


“ 


1 T 20 6 . 
= sh f cos? — sin 6’dé’dg’ (11) 
Aa 0 0 2, 


The average value of A,, as applied to the 
case of a matched load is then given by 


_ DO, 4) 
iF Se 


which is independent of the state of polariza- 
tion of the receiving antenna. 

The author gratefully acknowledges the 
suggestion of Dr. Robert G. Kouyoumjian 
of integrating p on the Poincaré sphere in 
evaluating the average value of A, for a 
randomly polarized wave. 


™m 


(12) 
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Correction of the Astigmatism of a 
Spherical Diffraction Reflector* 


In a previous paper! a particular type of 
reflector antenna was described which al- 
lows the scanning of large angles by only 
moving the feeder. This antenna has a gen- 
eral spherical shape, but its reflecting sur- 
face is constituted by zones of confocal parab- 
oloids, suitably spaced with respect to one 
another. Such an antenna, which must oper- 
ate at a given wavelength (design wave- 
length), presents the following characteris- 
tics: 


1) The spherical aberration vanishes 
over the whole aperture. 

2) The coma is identically zero to any 
order in the aperture and to the first 
order in the field angle. 


A model of this antenna to operate at 
y\=3.2 cm has been built and tested at the 
Centro Microonde.? Other models with dif- 


* Received by the PGAP, November 4, 1960. This 
research has been sponsored by the Air Res. and Dev. 
Comm., U.S.A.F., under Contract AF 61(052)-234, 
through the European Office, A.R.D.C. 

1L. Ronchi and G. Toraldo di Francia, “An ap- 
plication of parageometrical optics to the design of a 
microwave mirror,” IRE TRANS. ON ANTENNAS AND 
PROPAGATION, vol. AP-6, pp. 129-133; January, 1958. 

2G. Toraldo di Francia, L. Ronchi, and V. Russo 
“Experimental test of a stepped-zone mirror for 
microwaves,” IRE TRANS. ON ANTENNAS AND PROPA- 
GATION, vol, AP-7, pp. 125-131; December, 1959. 
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ferent values of the parameters have been 
built and tested by Ramsey and Jackson? 
and by Provencher.* 

The results of the experimental tests 
were in excellent agreement with the theory 
developed on the basis of parageometrical 
optics.! On the basis of the tests carried out 
on our mirror, one can conclude that a field 
angle of +20° is effectively covered. This 
limit is essentially due to the astigmatism, 
which affect the system to the same extent 
as in any conventional smooth mirror. 

It is well known that the astigmatism is 
a function of the field angle and that it is 
measured by the distance between the two 
astigmatic foci. The effect of the astigma- 
tism may be reduced by placing the feeder 
at the “best focus” (defined as the midpoint 
between the two astigmatic foci). However, 
this is a compromise, giving only a partial 
correction. 

It occurred to us that the effect of the 
astigmatism can be completely eliminated 
by means of a particular type of feeder. The 
feeder is simply constituted by two open 
rectangular waveguides of different dimen- 
sions, the smaller one being fitted into the 
larger one, as shown in Fig. 1. The smaller 
waveguide can be longitudinally shifted so as 
to vary the distance d from its mouth to the 
mouth of the larger waveguide. The smaller 
waveguide may have a square cross section 
which is useful for changing the direction of 
polarization of the field. The larger wave- 
guide may be simply constituted by two 
parallel plates. 


Fig. 1. 


When the smaller waveguide is fed, it 
gives rise to a cylindrical wave in the space 
between the two mouths. This cylindrical 
wave is diffracted at the mouth of the larger 
waveguide and spreads into a fan. The net 
result is an “astigmatic wave” with its two 
foci at the mouths of the two waveguides if 
the mode within the larger waveguide is 
TEM. For any other mode corresponding to 
a refractive index the distance apart of 
the two foci is d/n. The astigmatism can be 
varied simply by varying the distance d. 

Fig. 2 shows a picture of the feeder which 
was built for testing the diffraction reflector. 
The cross sections of both waveguides are 
2.3X2.3 cm and 2.5X40 cm, respectively, 
and d can vary between 0 and 12 cm. 


3 J. F. Ramsey and J. A. C. Jackson, “Wide-angle 
scanning performance of mirror aerials,” Marconi 
Rev., vol. 19, pp. 119-140; July—October, 1956. 

4 J, A. Provencher, “Experimental study of a dif- 
fraction reflector,” IRE TRANS. ON ANTENNAS AND 
PROPAGATION, vol, AP-8, pp. 331-336; May, 1960, 
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The position of the two foci has been 
texted experimentally by determining the 
radiation centers of the emerging wave- 
fronts for different values of the distance d 


and the two different polarizations. A slight - 


discrepancy with the prediction appeared 
only in the TE case where an effective index 
n=0.7 is found instead of the computed 
value »=0.6. This discrepancy may be 
justified by taking into account the “spher- 
ical aberration” of the emerging wavefront 
due to the refraction at the plane mouth of 
the larger waveguide. 7 

A set of measurements with this feeder 
has been carried out on the diffraction re-* 
flector described by Toraldo di Francia.? 

First the long mouth of the feeder was 
brought to coincide with the tangential 
Sturm line,’ as previously determined by a 
conventional feeder. For each of a set of 
values of the field angle Q, the power re- 
ceived, P, was plotted as a function of the 
distance d. The results are shown in Fig. 3. 
It appears that the curve for Q=0° has a 
maximum at d=0 and the curve for Q=10° 
has a maximum at d=2.5 cm, while for 
Q=20° the maximum corresponds to d=10 
cm. These values coincide with the theo- 
retical predictions for the astigmatism. 

The width of the main lobe turns out to 
be the same as that found with a conven- 
tional feeder. However, as shown in Fig. 4, 
the power collected by the astigmatic feeder 
(solid line) considerably exceeds that col- 
lected by the conventional feeder at the best 
focus (broken line), as soon as the field angle 
exceeds about 15°. Another gratifying result 
is illustrated in Fig. 5, which shows the be- 
havior of the first sidelobe level for the con- 
ventional (broken line) and the astigmatic 
(solid line) receivers. The latter presents an 
incredibly small sidelobe level from 2=10° 
upwards. 

In conclusion, the astigmatic feeder ap- 
pears to improve substantially the perform- 
ance of the diffraction reflector. 

V. Russo 

G. TORALDO DI FRANCIA 
Centro Microonde 
Florence, Italy 


5 P. F, Checcacci, L. Ronchi, V. Russo, and G. 
Toraldo di Francia, “Design, Development and Test 
of an Advanced, Fixed Position Radio Astronomy 
Antenna,” Centro Micronde, Florence, Italy, USAF 
contract AF 61(052)-234 April, 1960. 


Stochastic Processes and Beyond- 
the-Horizon Propagation* 


“ 


INTRODUCTION 


The theoretical literature on the subject 
of tropospheric scatter propagation is ex- 
tensive and growing at an ever-increasing 
rate. In view of this, it is of interest to an- 
alyze the assumptions common to most theo- 
retical ventures. 


* Received by the PGAP , November 17, 1960. 
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There are at present two different pos- 
sible approaches to the problem of beyond- 
the-horizon propagation. The first is the 
classical or nonstatistical form in which the 


beyond-the-horizon field is assumed to re- 
’ sult from repeated coherent refraction and 


diffraction of the original wave. The most 


_ recent application of this method was made 


by Tukizi.1 His results appear to check with 
the experiments quoted; however, his 
model for the dielectric profile is open to 
serious question. The second method is sta- 
tistical in nature and assumes that beyond- 
the-horizon field is due to scattering by 
turbulence in the antennas’ common volume. 
This method was first proposed by Booker 
and Gordon in 1950.2 The method is well 
summarized by Wheelon in a recent paper.’ 
In general, it is possible to conclude that the 
classical diffraction theory has failed to ex- 
plain the experimental results while the sta- 
tistical theory of scattering by turbulence 
appears to have succeeded, given a particu- 
lar model for the turbulence. 

This letter is concerned with a critical 
analysis of the question of wave propagation 
in or through a region of space characterized 
by a stochastic process. 


GENERAL THEORY 


Let a source and observer be located in a 
space bounded by the surface at infinity and 
surface of the earth. Let the dielectric con- 
stant and conductivity of the earth V; be 
deterministic, and let the dielectric constant 
of V2 be a stochastic process in both space 
and time. If the time rate of change in the 
stochastic process e(r, #) is bounded such 


that 
max 4 » Kw 


where wo is the carrier frequency of the 
source, then the homogeneous wave equa- 
tion for the electric field intensity is similar 
in form for all space. 


VX VX E+ uk = 0. 


(1) 


€ 
€ 


(2) 


There are three possible cases of interest 
which depend on the statistical nature of 
the dielectric constant: 

1) a(r, t) is a strictly stationary process. 
A strictly stationary stochastic process is 
one whose distributions remain the same in 
all regions of space and time.‘ In this case, 
it is possible to define a new process Ae such 
that ' 


(3) 


where the bracket represents an ensemble 
average. It is evident that the expectation 
of Aye will vanish everywhere and that 
(Aie(r1, t1)Aei(re, #2)) is a true covariance. 
Substituting (3) into (2) we note that the 


Aie(r, t) = er(r, t) — (e) 


10, Tukizi, “Diffraction theory of tropospheric 
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2H. G. Booker, and W. E. Gordon, “A theory of 
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3A. Dz. _Wheelon, “Radio Wave Scattering by 
Tropospheric Irregularities,” J. Research, Natl. Bur. 
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4 J. L. Doob, “Stochastic Processes,” John Wiley 
and Sons, Inc, New York, N. Y.; 1953, 
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wave equation may be written as 


VXVXE+ulE = — dale, jE. (4) 


_ Since the process e;(r, ¢) is strictly stationary, 
E it follows that its expectation (e) is inde- 

pendent of both space and time. It therefore 
_ follows that the solution of the homogeneous 
equation 


VXVXE+nlOoE=0 


must correspond to the classical diffraction 


_ theory for a homogeneous atmosphere. 


The assumption of stationarity is com- 
mon to nearly all statistical models for the 


analysis of “scatter” propagation.‘ 


As noted by Wheelon,‘ the theoretical 
prediction of the distance dependence of 


_ scatter links assumes that the mean squared 


dielectric fluctuations are some function of 
altitude. In particular, 


This ts clearly a violation of the original as- 


(5) 


sumption of statistical stationarity for the 
_ stochastic process e(r, t). 


From this it is evident that a strictly 
stationary stochastic process is clearly incor- 
rect in the case of the earth’s troposphere. 

2) e(r, t) isa wide-sense stationary proc- 
ess. A stochastic process is stationary in the 
wide sense if* 

(| e(r, t) |2) <o for all rand? 


- 


_and if the covariance function 


(e(r1, t1)e(r2, te) ) 


is independent of both time and space. It is of 
interest to note that the expectation may 


still be positional or time dependent, or both. 


In the application of this type of process 
to the problem of scatter propagation in the 


_ troposphere, it can be shown that what was 


said previously for e is true here as well. 

3) «(r, ¢) isanonstationary random proc- 
ess. The description of a nonstationary 
process will, in general, depend on its form. 
Clearly, in the case of the troposphere, it 
would be both necessary and sufficient to 
define a process e; such that 


7 


(e;) = mean dielectric profile 
(e3(r1, t1)e3(re, f2)) = function of altitude, _ 
time and | re — r1 


Since the process is nonstationary, the en- 
semble average will, in general, be a function 


_of time and space. This is consistent with the 


known altitude dependence of the dielectric 
profile and the variation from month to 


- month. It is of interest to note that if the 


process ¢; is gaussian, then (6) completely 
determines the process. 

The above conditions are useful in defin- 
ing the process e; but unfortunately they 
cannot be used to simplify the vector wave 
equation. This follows, since (e) may itself 
be a random but slowly varying function of 
space and time. In view of this, Green’s 
function of the homogeneous equation 


VX VXE+ule)E = 0 


would itself be a stochastic process rather 
than deterministic, as required. 

One possible way of eliminating the dif- 
ficulties introduced by a nonstationary proc- 
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ess is to use the notions of time statistics. 
Let any member of the process e; represent 
the conditions prevalent in a physical world 
similar to our own. Then the ensemble of all 
such worlds starting with different initial 
conditions would constitute a random proc- 
ess in space and time. 

_ Let the ensemble average of the process 
e; be denoted by (e;). Let the time average 


over some interval T be denoted by a It 
is evident that - 


& Sats ; 
(e,”) = (e;)"= average profile for the interval T. 


@ 
This is just the standard atmosphere if T 
equals one year. ; 

We are now in a position to define a new 
process Ae; such that ” 


Aes(r, t) = e3(r, 1) — (ea(r,1)"). (7) 


It follows that 


(Ae;(r, t)7) = 0 


where the time interval T is arbitrary. Since 
the ensemble average of the time average of 
the process e; is independent of time within 
the interval (¢,#+T), it follows that the co- 
variance function of the process Aes as de- 
fined by (7) is typical of the class of locally 
homogeneous processes in space first con- 
sidered by Silverman.® From the above dis- 
cussion, it is also evident that the Green 
. function of ro 


VXVXE+nla?)E =0 


is deterministic and indeed a solution of the 

classical diffraction problem for the case of 

an inhomogeneous atmosphere. In view of 
- this, the solution of 


VX VX E+ ule? \E = — pde(r, NE (8) 


would constitute a true solution of the prob- 
lem of scattering by a nonstationary dielec- 
tric noise. 

For the sake of future analysis it is of 
importance to note that the process Ae as 
defined by (7) may be written as the sum of 
two generally dependent processes. For 
example, let 


Ae; = Ae’ + Ae” (9) 
where 
Ae'(r, t) = s(x, t) — e(r, t)” (10) 
and : 
Ae"(r, t) = e(r, 0)" — (e(r,1)"). (11) 


It is evident from these definitions that the 
process Ae’ is a measure of the difference be- 
tween the dielectric constant and its time 
average in one world while the process Ae’’ is 
a measure of the difference between the time 
average in one world and the ensemble aver- 
age of the time average in all worlds. 
Physically, this may be interpreted as 
follows: Let a “layer” be defined by the 


5 R, A. Silverman, “Locally Stationary Random 
Processes,” New York University, N. Y., Research 
Report No. MME-2; April, 1957. 
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random process Ae’ such that the time 
interval ¢, t+T corresponds to the “lifetime” 
of the layer. It follows that the random 
variable Ae’ is just a measure of random 
variations relative to these “layers.” 

In order to apply the nonstationary 
theory introduced above to the earth’s 
troposphere, it is necessary to establish the 
cross-covariance function between the proc- 
ess Ae’ and Ae’’. Gossard’s recent experi- 
mental paper® concludes that intensity and 
scale size increase with altitude as one pro- 
ceeds through a mixed (unstable) layer, but 
that scale size and intensity decrease sharply 
with height through a stable layer. Surely 
this indicates that the processes Ae’ and 
Ae’’ are well correlated. 

The above notions will be used by the 
author to analyze the problem of beyond- 
the-horizon propagation. Results of this 
analysis will be published in the near future. 

Dimitri S. BUGNOLO 
Bell Telephone Labs., Inc. 
Holmdel, N. J. 


6 EB. E. Gossard, “Power spectra of temperature 
humidity and refractive index from aircraft and 
tethered balloon measurements,” IRE TRANSACTIONS 
ON ANTENNAS AND PROPAGATION, vol. AP-8, pp. 
186-200; March, 1960. 


Further Reply to Comments by 
Leon Peters, Jr. and F. C. Weimer* 


First of all I wish to express my complete 
agreement with Muchmore’s comments on 
this problem,! which successfully refute the 
implications of the paper by Peters and 
Weimer.2 There is, furthermore, some addi- 
tional factual information which bears on 
the practical significance of the theory under 
discussion which is most helpful in further 
invalidating the criticism of Peters and 
Weimer. Studies were performed by Systems 
Laboratories Corporation, Los Angeles, 
Calif. (now a Division of Electronic Spe- 
cialty Company) for Hughes Aircraft Com- 
pany, Los Angeles,’ in analyzing radar re- 
flection data from model measurements per- 
formed by Radiation Incorporated, Mel- 
bourne, Fla., and comparing these results 
with the theoretical results of Siegel’s group 
at the University of Michigan, Ann Arbor, 
on a variety of military jet aircraft. This 
study was, in fact, motivated by a suspicion 
that actual aircraft echoes are not Rayleigh 
distributed. The results of this study are 
most interesting and for the military jet air- 
craft considered can be summarized as fol- 
lows. 
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1) The theoretical results of Siegel’s 
group provide a valid description of the 
radar echo in no more than 20° of azimuth 
out of 360° at S and X band. In this 20° a 
few large reflectors do dominate the radar 
echo and the echo is indeed not Rayleigh 
distributed. Furthermore, the echo here is 
large. 

2) In the remaining 340° the echo an- 
alyzed over 5° intervals in azimuth is remark- 
ably Rayleigh and is considerably larger 
than the predictions of Siegel’s group. This 
difference we attribute to the jet motors 
which were not even considered by Siegel’s 
group. Thus the motors dominate the echo 
over most aspect angles and the Rayleigh 
distribution can be attributed to their com- 
plicated internal structure. 

3) The motors were modeled imper- 
fectly, z.e., with insufficient internal detail, 
but the measured echo was still remarkably 
Rayleigh everywhere, with slowly changing 
mean value with angle. Throwing caution to 
the winds we speculate that the real motors 
produce echoes which, if anything, are even 
closer to a Rayleigh distribution and this 
due to their more complicated structure. 

It should be evident from these results 
that the Rayleigh distribution in this par- 
ticular practical application does not pro- 
ceed from a regular structure tailored to pro- 
duce it, but is the result of several complex 
concave and convex structures with a 
strong possibility of multiple internal re- 
flections. In this case the randomly phased 
scatterer model is the only nontrivial ex- 
planation possible. 

R. H. DE Lano 

Systems Labs. 

Div. of Electronic Specialty Co. 
Los Angeles, Calif. 


Comparison Between Theoretical 
and Experimental Radar Cross 
Sections of Aircraft* 


Despite De Lano’s comments to the con- 
trary,! the results of our group have yielded 
good agreement between theory and experi- 
ment for the radar cross sections of aircraft 
for the past several years. 

In the late forties the results obtained at 
X and S band were good to about 10 db. In 
the early fifties the results improved so that 
without the use of digital computers, differ- 
ences between theory and experiment were 
reduced to about 6 db. Now, at the fre- 
quencies discussed (X and S band), we have 
obtained and can obtain agreement to within 
about 2 or 3 db. The differences have de- 
creased, not only because of improvements 
in the theory, but also because of improve- 
ments in experimental technique and in our 
ability to make models. 
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Differences of 2 or 3 db reduce the prob- 
lem to an academic one, as experience has 
shown that thousands of engineering changes 
are made on an aircraft before it changes its 
name. Many of these changes affect the cross 
section by an amount greater than the 2- or 
3-db differences mentioned above. 

De Lano’s comments are incorrect on 
many scores. It is true that our initial results 
on the B-47 were off by as much as 6 db at 
nose-on aspects for the blueprint of the B-47 
we then used in our calculations. This was 
within the theoretical tolerance we placed 
on the methods we were using. John Hult of 
the RAND Corporation first poi ited out the 
significances of the jet engines, and we 
quickly improved our calculations. Long 
after our calculations were improved, many 
scientists continued to criticize our original 
results, never recognizing that our results 
were as good as desired for the purpose for 
which they were computed. The tendency 
increased to use howitzers to shoot down 
clay pigeons. That is, people wanted us to 
compute cross sections to +} db when they 
would not know how to use results better 
than +3 db, especially since a change in 
aspect easily swamps any small errors in 
calculations at a single aspect. 

I challenge De Lano to compare our re- 
sults for the B-57 obtained well before any 
experiments were made with the later ex- 
periments. He will find they completely re- 
fute his findings. 

Since De Lano has brought me into this 
discussion by name, | have answered it my- 
self. However, it would be wrong if I did not 
point out that our methods of computing 
cross sections have improved because of the 
many helpful analyses of Kennaugh, Kou- 
youmjian and Peters of The Ohio State Uni- 
versity and those of Crispin and his co- 
workers at the Radiation Laboratory of The 
University of Michigan, as well as the work 
of many other investigators in this field. 

K. M. SIEGEL 

Dept. of Elec. Engrg. 
University of Michigan 
Ann Arbor, Mich. 


Reply to Comments by 
R. H. De Lano* 


We disagree with three statements 
De Lano! makes in his comments: 1) most 
important, 5 degrees is the proper interval in 
which to observe the target, 2) jet motors are 
the major contributors over 340° out of 360° 
of azimuth, and 3) Muchmore? has success- 
fully refuted our “implications.” 

The rate of change of aspect of a jet in 
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normal flight conditions is usually consider- 


ably less than one degree per second. 
Therefore, about 0.5° would be the appropri- 
ate interval in which to observe the target, 


assuming the time response of the servo to — 
be no more than one second. For such aspect — 


intervals, the echo area of the typical target 
is no longer Rayleigh distributed. 

The case of the jet motors cannot be de- 
tailed here because of classification but is a 
problem that personnel at this laboratory in- 
cluding one of these authors has considered 


in considerable detail.*-* The apparent radar — 


center of the jet motor has also been meas- 
ured,® and its characteristics differ drasti- 


cally from those suggested by De Lano. On ~ 


the basis of this experience, let us state that 
De Lano is completely wrong when he as- 
sumes the jet motors are the major source of 
echo area for these 340° of azimuth. 

The source of echo area for complex tar- 
gets has been studied at this laboratory and 
while the results cannot be published for 
reasons of classification, the list of reports’! 
indicates that this problem has not been con- 
sidered lightly. 

In concluding this letter, we emphasize 
that the echo area of typical targets is not 
Rayleigh distributed over the proper aspect 
interval. Therefore, the methods of De Lano 
and Muchmore can not yield the correct re- 
sults. Furthermore, even if the echo area had 
been Rayleigh distributed, one cannot be 
assured that their methods are applicable as 
has been shown by an example. 

L. PETERS, JR. 

F. C. WEIMER 

Antenna Lab. 

The Ohio State University 
Columbus, Ohio 
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ay to Comments by 
R. B. Muchmore* - 


al . . . . 

In our original communication! we have 
shown that the apparent radar center does 
ot wander for two cases: 


1) the two-point target when the echo 
4 area of the individual scatterers is 
7 equal regardless of their relative 
4 phases, 


phase distribution. d 
pf s we pointed out, the statistical methods 
would predict that the apparent phase 
“center does wander. The reason for this dis- 
crepancy is that the original condition set 
forth by DeLano,? that the target be com- 
posed of an infinite number of statistically 
“independent amplitudes and phases, has not 
been satisfied. The uniform line source dis- 
_ cussed above has a Rayleigh distributed far 
field over a wide range of aspects. On the 
basis of this example, we concluded that 
- DeLano’s original condition could not be re- 
“laxed to that of a target whose echo area is 
_ Rayleigh distributed. 
4 The mathematical singularity appearing 
_ in the solutions for the apparent radar center 
_ eo for both a two point scatterer and for a line 
_ scatterer is not significant. For the cases we 
have considered, the apparent radar center 
must lie at the midpoint of the target, as 
~ Muchmore® has agreed. Only when no 
voltage is received can this differ. If the 
radar receives no voltage, it can not locate 
the radar center whether or not there is a 
mathematical singularity. In other words, 
_ even though the phase front is shifted 90°, 
_ the radar can not tell this because it receives 
_ no signal. The pertinent limit in this case isa 
- physical one. At some time the received sig- 
nal falls just below the threshold level of the 
_ receiver and is no longer detectable. At this 
Pr time, however, the radar signal is still finite 
and the apparent radar center is fixed at the 
- midpoint of the target. Whatever happens as 
- this signal progresses to an absolute zero has 
no physical significance. It will be recalled 
that we stated that the apparent radar 
center does wander and we have correlated 
theoretical calculations with experiment. 
_ The point is that computations using the 
| ; statistical methods insofar as these cases are 
~ concerned are not correct because the target 
" fails to satisfy the original assumptions. The 
two-point target may be altered such that 
_ the apparent radar center does wander. We 
~ have no assurances that statistical methods 
_ would yield correct results unless DeLano’s 
- original criterion is satisfied, particularly 
- when an example that fits the criterion of a 
Rayleigh distributed echo area has-been 
- given, however improbable that example 
may be, for which incorrect results are ob- 
~ tained. This is particularly true for the two- 
point target where the magnitude of the 
echo area of the individual scatterers differ 


F 2) the uniform line source with a linear 
A 
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as there is not a sufficient number of scat-° 
terers. 

Muchmore has misinterpreted our exam- 
ple for the two-point scatterer. We have con- 
sidered the case of two scatterers with equal 
amplitudes but with arbitrary, not fixed, 
phases. Indeed this is in agreement with the 
original assumption of DeLano as described 
above and, for small changes of aspect angle, 
is correct for the typical target. 

Several examples of radar targets that 
might be point scatterers insofar as a track- 
ing radar is concerned include: 

1) Triple bounce corner reflector for 
which the'reflections appear to come 
from the apex, 

2) The sphere for which reflections seem 
to come from the point at normal inci- 
dence, 

3) Any smoothly curved surface with 
radii of curvature, large with respect 
to wavelength, for which reflections 
appear to come from the point at nor- 
mal incidence. In this case, the point 
wanders slowly and magnitude 
changes as a function of the angle of 
incidence but not ina random manner. 

In relation to the line scatterer, it would 
appear that Muchmore makes our point 
quite neatly when he gives the example of 
reflections occurring from the vertical stabil- 
izer and four motor nacelles; 7.e., all other 
reflections are negligible. However, there is 
usually not such a large number of dominant 
scatterers. 

This last viewpoint leads to what we be- 
lieve is the proper approach; 7.e., the proper- 
ties of typical targets need to be studied and 
when the original conditions of DeLano are 
satisfied for the appropriate time interval, 
the statistical approach is applicable. Other- 
wise, it is necessary to study the motion of 
the apparent radar center as a function of 
time to determine the scintillation proper- 
ties. This approach-has been used by R. B. 
Feagin and Dr. R. B. Watson at the Uni- 
versity of Texas. 

L. PETERS, JR. 

F. C. WEIMER 

Antenna Lab. 

The Ohio State University 
Columbus, Ohio 


Some Variations in Log-Periodic 
Antenna Structures* 


Two types of simple log-periodic zig-zag 
structures are shown in Figs. 1 and 2. Fig. 1 
shows an unbalanced tapered strip structure 
on a small sectoral image plane with the 
plane of polarization perpendicular to the 
image plane. Fig. 2 shows a balanced essen- 
tially planar version of wire or rod zig-zag 
conductors. 

Sample E- and H-plane relative-power 
patterns of the unbalanced structure of Fig. 1 
are shown in Figs. 3 and 4; of the balanced 
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Fig. 1i—Unbalanced strip zig-zag. 
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Fig. 2—Balanced planar zig-zag. 


Fig. 3—Typical E-plane pattern of unbalanced strip 
zig-zag on 19° sectorial image plane. 


Fig. 4—Typical H-plane pattern of unbalanced strip 
zig-zag on 19° sectorial image plane. 
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Fig. 5—Typical E-plane pattern of 
balanced planar zig-zag. 
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Fig. 6—Typical H-plane pattern of 
balanced planar zig-zag. 
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structure in Figs. 5 and 6. Both antennas can 
be designed to easily fold up into a neat 
package. Fig. 7 shows a variation of Fig. 2. 
It will be noted that, when fed with a bal- 
anced line, the balanced zig-zag structure 
does not require conducting members con- 
ductively coupled to the center points of the 
radiators as in the case when fed by an un- 
balanced line located in a corresponding po- 
sition. Nor are the straight longitudinal con- 
ducting sections required in the case where 
the unbalanced line is integrated into the ra- 
diating sections instead of being brought 
into the structure by the standard method 
shown in Fig. 2. One method is to run the co- 
axial line inside of tubular zig-zag radiators. 
Another method is to run the coax alongside 
the conductors as indicated in Fig. 7, the 
outer coax conductor being at least spot con- 
ductively coupled to the radiators, for in- 
stance, at each vertex of the zig-zag. 

The dimensionless ratio 7 for all struc- 
tures is given by 
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which is also the length ratio of any straight 
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Fig. 7—Folding planar “lazy-tongs” 
zig-zag log-periodic. 


zig-zag element to the next larger parallel 
element. 

Note that either radiator in Fig. 7 may 
be folded in the same fashion as a lazy-tongs 
mechanism. 

Not only does the removal of the con- 
ducting rods simplify the antenna structure 
for some applications, but also it raises the 
characteristic impedance of the antenna. 
This latter characteristic makes the struc- 
ture more easily adaptable to the nominally 
higher impedances of balanced two wire lines 
such as used in current television applica- 
tions. : 
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Fig. 8—Planar wire zig-zag log-periodic. 


It is logical that this should be so, since 
removal of the two parallel conductors | 
greatly decreases the distributed shunt ca- 


pacity along the antenna. For instance, the 
mean Ro of the structure of Fig. 2 was in- 
creased from about 85 ohms to approxi- 
mately 230 ohms by simply removing the 
two parallel conductors. The 6 dimension 
was 1 inch, radiator diameter 4 inch, 
tan a/2=1/6, ¢=45°. Fig. 8 shows a planar 
balanced zig-zag constructed of flexible cable 


or wire, the vertices supported by struc- — 


turally stiff dielectric members. 
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